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Ordinary Differential Equations

Introduction demtdds 1 — T
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an '+ x4/y = sin x
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A 454l e Fslaia g ple dLalis Usles
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xel Cyn X jpiall Led JS ol e 3 pme 72 i pal i it S G,
POl Ul (3ia 13 (15) Alaall Ja f(x) W o Ui
Flx, £(2), £/(X)ormr £ (m)] ail < 13 -]

xel ad S dal e lijaa
Flx, £(x), /(@) fP(m)]= 0 0813~

xel o883l e
A Lalill daledl b diliidiay p O\Se a3liidiay fX) Gmgady 4 ing 14
o x el a pgen dal e dilae ) (15) Abtaddl J a3 (15)

—11- At
Al 3V A el e Audadll dglialinl Alaledd) il -
xy'=2y=o0
xel Jalga y=4Ax? 9 lela

cgobal Qb 4 Cas
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raaid Agloaliill Aslaall oYl caplall 8 m g

xy' =2y =x(2Ax)-2AAx* ) =0
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k= ol s Y +kly=o0

y=Acoskx+ Bsinkx  sa doladll 0da Ja
POV GBS il B A Cus
y' = Aksinkx+ Bk cosk

y" =—k*[4cos kx + Bsin x|

cAdlas o Jat A baliil) A Dlaall 8 ey gl

¢ Slfaada

eday Jatdall e Al Lo i Adalil) Asled)l of Adlad) 3B a5~ 1
PRSI PR PO R UTE LR PPV TSR PRV VY
(General solution) Loale SUs 4 Tall oia odady ¢ Al cul 8 e
(Particular solution) gl Jda (sl ol die (Say Aplialisll Aslaall
ool s o aalaa g dad e ol o8 o 3 LaaY) cuf 8 cUaely
Gl gl Ay lia aib cUachy alall Jall e Lealisind oSa Y dbialid) Alalaall
(Singular solution) 3 —diall Jally awy 3a s of Jall 134 Jiey 4y Laay!
Agudigh Sl 353 jlisall Jolall o3a Fia WL L 153l y duboalidl Astaal

JalS a ged Aladll o3gd Jalall < A balisll Albaall ple o (aas 13

- (Complete Solution)

g ol gl lglaa e Alsladd dlalill Alkad) J38 (a2
sl e ana Ll S 1Y

F(x,y,A)=o0
Poon ledidag
Fl(x,y,A)+ F)(x,y,A) =0
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A LAY Sl Gida e A3l Asladdl g4 (16) a5l Abialishh Aladli
2 oSy (17) ¢ (16) oiloaall (e

(18) G(x,y,y)=0
—12- Jita
y= sz adal )a:\a.\s ‘
yl=2Ax ‘FA‘.H'*#

A laledl e Jrasi Gilibeall o5 o 4 s EAY Bl Ciiay
foh s Al oa Lgiias 0 ddualatl

dal 13 o Cyny dlialis Albledd Ja e iall oy sl Ul (3555 38

0 b i) il o e b a1 e Bisna U g iy o oy

Ciag a8y ¢ Aysllaall da g2 Bing Lo lgia i 3 Jsladl psen a5 35 Allal

le—iiad agllaall dog plll canai o Joladl 38 Y Slaill (50 Jall Va8 e 55800

—smuadl Lbalil Ablaall oewiy (Boundary Conditions)iaall Ja il
- (Boundary Value Problem) dpall sl alliue; daal Jag i elliy

=13 Jdia
A Alalial Al il

Y'+y=o0 , y(0)=1, y'(z)=1
tosa Leda g oall ol e (65 Abialial Astadll 238

y =Ccosx—sinx
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S opiiall g ¢ aalall pudiall ¢ A0 el S0 Cua (pe Al Nl e — T
b 3sa Ale LgieS Alla A Ldsa o Lale LgdpSy dliTuall i paiial
€Y of Auilade A Jb Aobad CllS 1Y ¢ Y o Ak 2

( i) y'+_.l;yl+y=0 (ii) yn=[1+y12F/2
w2 : 229,08
(iii)) dU%)=%d3g (iv) = =c? Fei
(V) ..X:3 + x4 — 1 (Vl) xyyl — (y")3

Noa gelay Al dbalial) sl ¢ S b gsSial Jal o e (ghas I
Yol e da g4 Ja 83 . L

(1) y’+y=2 , y=Ae " +2

2,
(ii) %+2%—3v=2cost—-4sint , v=A¢ +Be™ +sint

(iiiy x(")Y =2y , y=4x
3 y=AeF+2 aal sl el Ll <3 ciliiniall Aia pe eliaed 520 au
088 Bing 53 (i) Alalidh Aslaall (alall Jall cpe S () qsllaal

v()=-5 , v()=2

sbe Js 72—ty =0 ¥ L5 el <l s Ldalitl] Usleall ~TIT
Ja el G | faaly U jlaal Bl ey y = Ax— 4% (i)
2
o A gAY Culll ulie o ellacly plall Jall (e anlisiad (SeY yz%

Lhlas AAD o34 it (e Ja - ikl Jally plall Jall (o 38D Lily s
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Lgmtias il g 2l ol el ) cld bbaial) Akilde pliaef Ciotidn pia i —TV
FI
x*+By? =1
- ilginiall o A 03] Akl Aliled aa

t paabadld Adualit) Astaad) 39 -V
y' = Ax+B
: s Ao ganal Alialil Alstaall 32 ~VI

_ x 2x
Yy =cqe + c,e

: ciliall Gy i —VII
v Sliniall 038 aal alalis (e ddali JS 4 uay (inde b Cilyinie Cilia
: calaall olay)
Gliinidl de gana Lyal SIS 13
F(x,y,c)=0 (1)
& i caliall 13gd Calie ciliaiall o3¢d S 1Y (LA <l € Cya
o) Culill dpailly Lgiidia g (1) Al adalis (j ddails JS

F! (x,y,c)=0 (2)
o8l Lagin ol Cada g il @ 00 Legla (Giay Ul
G(x,y)=o0 (3)

GIS ey oY Tl Via
: aglalill Adalaal) ALSED limial Cilica an —¢ (gl
yi=y-2
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: ot Al o Dudolalt) Abatanld it inti 1 11
Geometrical Interpretation:
o g (oY) Al o Aabialiall Y sleal o 35k Jucaill 138 3 o yim
e Sy Vol o3 Jiay SV e eV Al e AN Aa
(Al Aaladl 5 gaaall

(1) F(x,y,y)=0

il ¥ §f o255 (1) Agbualich Alslaal Jad 5kl Cilide e b eadl Uy
- Alalidll Aalaall 03] L5 _sia suall) punnigh
15 geall o Ll oSe gl dad S i sladdl el

2) | y'=Fx)

J—aiy T L dihaia G (x,y) il aues aie daidll saay f(x,y) Aall Cua
oSl inidl e gl (,,,) Wil xic ' AA Aad f(x,,,) el
o3¢ AelSl iaiddl e Jganlly (x,,y,) daiilly Ll (2) dboatiall dlstaal
= daail f(x,,p,)oladl b AL, Ailue & ati (x,,y,) dailly Ll dlsted)
Alsae o i & (x;, ;) Al e pal (g £ (3, 0y) s (x,,p,) el
el Cauni ¢ (x,,y,) Al ) diall £(x,,,) aall olasyl 13 & AL,
) Jual AL, 5 yia dilue olaiV1 138 b ol jati 3 Akl 23 3i2 f(x,, ;)
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Sadl 5 iall bl Jy3 bais Gled) b Jeasid 1388y (x,, p,) adaiil
-1~ IS (., ) asiilly Sl LSl sl e

Obediiag Ahaiidll 038 die dubes Jey agde adais gl ol il 138 ey

sdg—s Aalal Al Jobadl aaf o Lol iaiall 1aay . (2) dbeabislh dsbedl
Ao Al S iate o Jeasi saa ddals (e fani 5 ye JS 5 Aplialih Alslaall
s - (2) Walaall Jlalt als

(2) Uabaall pigh Jaddl ~ 1~ S

Bt iy xp s simall 8 Bk Cua f(x,p) =k daiall s S
a— (2) Aleall (Curve of Constant Slope) (s il Jpall iniay ginial
o b lebe 33 fie Dlagiine (e 5 sl el jal cinidll 134 s aie (ja pun
Lol jualisll 028 (3o juaic JS4 (Lineal Elements) dafiwal juslially
rgsb—liall dedl ginia pe 42bli ddais die (2) Usleal] alol iaiall e
Ay T A ilaidl dait dilide &y glaia e e oL leall o34 S5
Aagiiaal ual il o i Sliniall 038 e JSUy Ailise e &yl olacly
oWl Jdis g Jlse Al jeal il Ao g (5 S5y ¢ 4y dualil
rel—iadl 03 Bacluey A gy (Sayy (2) 4lmlithh Asledl (Direction Field)

~2- JS3 (2) Alaall ALl lginiall Ay 5 liate ur agiianal
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D st Jall ginia
k

- X

i heiall Jyall Cliada —2- JS&

: dtia " J
a8 At el e Cpfilial il Calilaall (e JSE ola3Y! Jlae paa
=1 ol
(3) y' =xy -1
(4) y'=x -2

- Oflabad) WIS (1.1) ity LY el il sl
Dl
xy=k i (3) bsladl il Jua cliiaia -]
CAIY) (g el Dol RS S 5 g0y

Y'=xy  alad ga -3- Jsa
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—inie S Aativiall juoliall e iliaiall 038 e de gane =3— JSA Oy
—inie o Akl oda (pe ki (1el) Wiy Sl lSH il
- g sbiall Jpadl Sl e IS Aiandll pualiadl (535
x =k a (4) Woladll (g bl Jaal liniad gl puidy =2
Y osall 45 g0 Slaiune a5
Y

Yy =x ddaaall Ja —4- s
LAS@MAJS.‘W\ Fw\eﬁw\auw:\cw'4—gﬁaﬂ‘w_,
C(Tel) ol L Ll iaiall Lyl mas gy

| . . 5 ég 2-_.-
Y A al e lalil c¥obedl Jad Gkl calise Y 5 kall i
a5 3y (Unique Solution ) aay Ja (1) bl dsbeall 058, 8 43 Sy
BbY! e da 6l W an sy ¥ 3 (Many Solutions) saae Jgls L)
- il Gaad i Al
xy'=2y s Yx,)=y,
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) =1 Sl p=r' s uagdaldny
y(0)=0 il 1) 5 laal cull 4 Cua y = Ax? b Al Jola Ld a5y
y(0) =1 &K\S}&LY\UEJ;\.QJA;};YJ

Existence Theorem : Jadl dezg doylad 211
Akt i dhia T QilSy oxy (5 shmall (8 Al (x,,y,) <ilS 1)

T = {(x,y)e‘)?2 :ix—xulsa,ly—yu‘sb,a,be"ﬁ"}

y
yorb be— T
W -V
1 1 L oy

x,-a x, x,+a

T Adkaiall ~5- Js&

T b i g Yo 5 jaiunny Al 33m g (2) Aobadl 3 £, p) Wl il 13

RN R
V(x,y)eT 5 3M 2o : |/ (x.p)| <M

h=min(a,+) <uils,

Wb Y= B00) S (o luay Do Jii Y’ = f(x, ) Rali Adkaall (8

Cx=x, de Y, dadl Jall 13a 32l ,x—xo,<h Jlaall
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Uniqueness Theorem N () W ) SRUY

gLy (;y,y L s 1y o oscasy

H"uﬁa&a)@\ 'b:e;_,u\é
; J Laydl iady T dakaial

V(x,y)eT, IM20 : |f(x,y)<M
V(r,y)eT, FKzo : [Z&2<K

i lalinl Aol 3iny y = @(x) vay da aas 4ili A=min(a, L) culs,
bl ) da sl Siagy [x - x| <h s El L (2)

y(x,)=¢(x,) =Y,
e b e Jyanll A0lSa Say ¥ " Jall agmy " oSG sl
e Jpanll (Sa 3 Jy J) 2! paes b 3o suae 5l "Closed Form" dilas

cagaaall ¢ A @l 3Lkl saaly Jall

g tn (VTP ET PP} { SN (WY WIRhx ey FIPPRK RN | |
Separable First order Equations:

: aglaliall Alilaal aun g S bES VA

&) y'=f(xy)

Josal L
(6) gL +h@=o

b £ A L
(7) () dy+h(x)dxr=0
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W gguall oy ypiiall Jumil AL Alialis dlabea L Asbadl o328 e Qs
oo x pdall Juad oS4 4 @llig (Separable Equations) Juaill 448 alslas
A x Jualis Jalae S 1Y il Jusd gy AT eay . Wl y ial
chil y e ddld y Jualdl Joleag Jaid x e
P ste daaad G lall AlalSay

(8) f g(y)dy + Ih (x)dx=A

¢ G Al e Albaall (Y Tandp Blh Gaadiud y (5880 il A Cua
g QS ol jaly
(9) G(y)+H(x)= A

- aglalidll sl ple Ja e Uleas 3 (5S4

: ddaadle
Jucaill AL L Lalill Alslaall g af 1) gom ani 38
—4— i
(10) & fi(x)dy +g,(»)fi(x)dx=0 -1
() Yy fmhe) =o 2
dx Y=
JaSill Jale 8 o peally (10) Astadl A il Jaad (5 Sy G
1 .
m (Integrating Factor)

D e deandd
1162 dy+ GO
g,(») fr(x)
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J‘g|(y) J'f(x)dx A s e o oY K

:(») f2(x)

1 bl Jalall ey (1) Aslaal 3 el piial) S oSy Laiy
h(x)

2‘;.:‘-()..&.\3
1
——dy+ f(x)dx=0
h(y)
_dy+ [f(x)dx = 4 leies
h(y)
5= (i
%—xy=o s alalall Al da
: Jadl
O—Say Y o el ALl (11) Aslaadl J& e sUaxa Asladll
Crosiall Juad
& -xdx =0
y
x2
-lny—-—2—=lnA IR

L%

LD ) Lgis<d InA 5 geall o (5 LAY il Linia gy

n 2 =X_
A 2
y=Ae""

Slinie A it e e g SUaaall Aloalidl Asbaall pLl Jall 5a l3a

. LY Gauss
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:Jaald AL g0 (1 i o 9¥1 Ayl 0 dabeinlad G otme 4. 11
First-Order Differential Equation Reducible to Separable Form:

Homogeneous First-Order Differential Equation:

N oi sl e dlaie i Ta Ll f(x,y) il e Jg

: s 1y (Homogeneous Function of degree)
(12) S, Ay)=4" f(x,)

Y, x opopiadl B da i Al f(x, y) a5 e 2a JS IS 1Y @l Gia
f,)=x-x"y+2xp* +7y° ;A S -

oY iy (3) da_al Oe Auilatie Ay A

F(Ax,Ay) = (Ax)* = (A ) (Ay) + 2(Ax)(Ay)* + T (W)’
=2 f(x,y)

PN e dal e dusilae Ws b f(57)= x;i Al i -

_ A=Ay x- y 0
Sx,2y) = Ttk xiy f(x,y) if(xy)

. 0 Aad e duilaie s Liaf & F(x,¥) = % +sin' (p/x) Aally -
N Hailate 2t A A f,y)=x"+sinn’cosy Wl Ly -

S(Ax,Ap) = A" f(x,y)
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x-y+1

dladie Caed f(x, p) = A el -

xX+y-2
f I Al G Al Al e i 4 J8S y ai Le e el
(13) M(x, y)dx+ N(x,y)dy =0

N N(x,y) , M(x,y) ol e JS 1S 1Y dilatie Alalis Alales L
Aol i (e dlaia
3)}A‘Jﬁ(l3)ﬁj@‘b&5u&9}

&y M(x,y)

d  N(x,y)
P oY 0 Aaal e Auilaie Ay sa e il of il g

M Ay) _ AMGy) _ 0 M)
N(Ax,2y) A'N(x,y) N(x,y)

dy_ _Mxy) MxAy)
dx  N(x,») N(Ax,Ap)

ALY

f e duaai 4 = 1/x dualall i@l A ellel,

dy _ M(,y/x)

dx N, p/x)

(14) % = g(y/x) ol
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J_At’gj_ug\ _).\a.u“ Lﬂj@\&d‘dﬂhﬂ‘dé‘“ﬂ@“d}‘b)}éb%_’
0 Al e dailade Al 4uds gay (¥/X)

ua__._:)a.ﬂ\ (p\.li\ub d.\d“ ;\-‘4\3 o) ‘_s-“\ (14) ‘\.».AJL:..LA“ alalall d\_).\;\ USAgJ

:L?JL’J\
9=y/x
—x..‘}:>éji-x~6£’i 9 Cua
dx dx
DS e (iS5 (14) dlslaall
! d.9=ldx
g% -9 x
!
dy d$
=x—+93=g(9
= g(d

Jmiani 53! Aladll ALlSay g Ausilaiall Aolaall & oy ppiiall Jusd o5 4l (g
wM\HW\w;g:y/x ucua_,ur-ﬂxun:ﬂbs.gu_‘e
- X,y UﬁL‘y\

=6= s
(x*,y)dx-2xy’dy =0 Alalid Aol Ja
:Jead)
3 Al (e Awlade dglialis Aoleal oda
uadll ALl 5 5 50 M Ll sl (Say y = xF Gy paill Hladiuly

y=x8=dy=xd3+ 9dx

(x* + x> F Ydx — 2x(x3)* (xd 8 + Gdx) = 0 ol
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2|1+ 9 )dx - 29% (xd$ + 9dx) | = 0 4

1+ 8 -29)dx-2Fxd8 =0 P
1 292 .

—x—dx= 1_33 dlg u)!

Lnx = —%Ln(l—83)+ Ln A 4ldsJly
3 A .

= |

T ey 3

Ple dani 8 = y/x oo pasill

3 3 372
x*(1 —13‘)2 = x3l:——————x 3y ] =4
x x

(x? = y*)? = Ax’ ol

: Olslad by Jaalddll cilales Lggd calae  —2
Coefficient Functions are Linear:

M(x,y)dx + N(x,y)dy =0 lialalh alsbeall Lyal oS4
gl Y, X Adea Al VM cSadl s e JS S 1Y
(15) ax+by+C)dx+(a,x+b,y+C,)dy=0

A uilaie Alualis Alilas ) Aloleall 038 Jysad anlie i g gy (S 4lld
oolls dla . Juaill 46 L
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: W Alad
ax+by+C =0 Olasiinall IS 13

ax+b,y+C, =0

ab, ~ab, 20 gl e 32 @l da yd g ledaiy

? b, b,
gilhaal paadl Caday cyiuilate Giibbee ) cptibadl ciloteddl Jygad oSy 4ils
o Cpaiall adli ddali Y o 09 Y, X Gl dib @l ¢, C
ah+bk+C =0 gl (k) o i oda (Sl

Q

h+bk+C, =0
x=X+h 3 y=Y+k : el &)
dx=dX , dy=dY s ol
Py (15) Abualill Aslaall & Gy saally

(ah+bk+C +ax+by)x+(a,h+bk+c,+a,x+b,y)dy=0

(2} o

(a, X +b,Y)dx +(a,X +b,Y)dY =0 dia g
dY dg
"'_l9+X"'_ : K = P, < -L\
dX d)( ‘;‘“—J-AM) 3.X ua.}yul

(a, X +b,90)dX +(a, X +b,93X)(IdX + Xd3) = o
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[(@, +5,9)+(a, +b,9)I)X +(a, +b,H) XdI =0 4

aX a, +b,9

X a +(b +a,)3+b,8

sy 9, X O lae o doaad AalSally ¢ o paiall Jumd 3 5
v, X e dolae e Jiani 9 = 5 /x
=7= Jba
¢ Al bl Asteddl Ja
,_x+y-1
x-y+5

_c{;izx+y-—l

dx x-y+5

. ilaie Cad 5y geal) odes Al o3

X=y+5=0 , x+y-1=o0: Sl ‘pedind ali

(<2,3) (b abl@l Ly pjlgie e Gpefinall of Bad

x=X-2, y=Y+3 : Ja Jeaal araiin ol e
de=dX | dy=dY

Ll

dy _(X-2)+(Y+3)-1 _X+Y
dx (X -2)—(Y+3)+5 X-Y

4diag ¥V = 9X ua.ly_\.“.ﬁu.:}a_\n“dms Yy 4 '\ASAUM\AJ‘\.‘J\A.AM)Q_’

2
a4 Xiig-X+l9X 1+ 9 Xﬂ!i_1+.9

- =
ax X-8x 1-9 dx 1-9
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1

X

2tan” %:lnX2(1+

dX:‘“‘%d@:[ L9 s
1+ 9 1+9° 1+8

InX + 4, = tan™" 8~ In(1 +9%) R
InX*(1+9*)+4,=2tan"' 9 P
D aas 9:{(— o8 warsally s

Y2
X2

)+ A4, =In(X*>+Y?)+ 4,

pani x,y ANy PX e pagsaill 2

2tan"(y—_—§)—ln[y2 +x> =6y +4x+13]=4
X+

: AgiN alal

ax+by+c =o Olasiiunall (1S 1)

a,x+by+c, =0

N 138 e ab, —ab, =0 sl by )i

a,x+ by = lax+by)

P e dasi I=ax+by Jdissill Jlasinly g

d9]d9 W

34



dy l[d& a]— ax+by+c  8+¢
b, il -

dx dx ax+by+c, {(9+c,
gﬁ—q:bl 3+C, :)é’i: K+M
dx L9+c, dx £9+c,

£8+c,

i

ac, +bc, +9(4a, + b)) e

-8— s
Al Adialad) Asled) Ja s
(x+2y+3)dx ~-(3x+6y+T)dy =0

2 Jadl
(x+2y+3)dx —(B3x+6y+7)dy =0 Ll
M5 3x+6y+7=0 , x+2y+3=0 (e Qic_..'alj

. et

,9:x+2y:>i'?.—_—.]+2.41:>@=_1_ _d_lg_l

dx d« dx 2| dx
§Z= X+2y+3 :l(fiﬁ_l)z 3+3
dx 3(x+2y)+7 2 dx 38+7

Pomosiall duab e deass s il

39+7 49 = dx

58+13

3.4
5 2558+13

)d9 = dx
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33~iln(59+13)=x+A,
57 25

158 -4In(59 +13)=25x + 4, J
PAaai I=x+2y (e paygailly

slhdl a5 S5x-15y+2In(5x+10y+B)= 4

t B ygall o calaa—2
yM (xy)dx + xN(xy)dy = o

F=xp disadl Dl (e oo psiiall Juad oSy
=9 b
: aglialdill Abolaall Ja
y(xy-Ddx +x(1+xy)dy =0

dy_xf’f—S

xy=8= ~—'2:>
Y X dx x?

Dok eail) addiu

a9 _
2(9—1)+x(1+9)[x"", 8}=0
X X
.9(.9—1)—9(,9+1)+x(3+1)%x'2=o
(+)a9=2a
9 X

b JelSil el salis o il Jeai o5 wllhy
F+Ing=2Inx-In4

x’ = A%® = x= Aye” dia g
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s Al yse-3
o i 523 Apulio Ciliiay gty Sy Ll 2 (531 [ gia Al
S ilimg gal 030 Jid el 53018 lia Connly . eaill 3L 5 gum
S i€y o liall (g gl g Al Aalall iyl L] Alslas
o el iy Jr ¢ Al s (Y (5330 pmignd (gl Gali ¢ iy gas
»tualiadl g gail) (Y J s sl didad 5 jlea

-10— N
;3 lealish Alted) Ja
Y +303x+y)Y =0

: Jad
b M Gy adl alasialy bl 038 a5
$=3x+y
dy _d9
& o

: $lanall laall & ay gaily
1

&2 34390 =0 ——d9=3dr
dx _g
tanh™ 9 =3x+¢,

L+l a2 e
2 1-9 I-1

Py,x ANy 9 aie ey eeilly
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& P

bl il Juad Ay o pladiody ANGY Adalisl c¥Med Ja -1

) (l-xz)%+xy=o
dy
dx
(i) %=4—y L (1)) =1, @°)¥0)=5

(i) (*+D=+y*+1=0 , y0)=1

(iv) x(3* =D+ y(x? +1)9i=o
dx
(v) e*Vdx+e™Mdy=o0

Dy =G paygadl) alasial AN Lol cysed) ga -TT

(i) ay _ 2xsinh(y/x) + 3y cosh(y/x)

dx 3x.cosh(y/x)
.o 2 2
(i) &_ry-x
dx 2xy

(iil) y?+(x? +xy>§{-=o

(iv)  ylde+(x*~xp)dy=o

(V) (&% +y>)(xdx + ydy) - L(xdx—pdx)=o
X

(Andalll BYY Alasinly)
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Al Abaldsl ayalaall Ja -TTT
& _x+y-l
dx x-y+5
(x+2y+3)dx-(Bx+6y+7)dy=o0
(6x-2y-3dx—-(2x+2y-Ddy=o0
(2x+3y+1Ddx+(10x+15y+4)dy =0
(10x -4y +12)dx - (x+5y+3)dy =0

;A Alalisl) el Ja —IV

y(3x2y? = 6xy + S)dx + x(2x*y* = 3xy)dy =0

x2y dx +5x’ ydy + 6 ydx = 0

YA -xy +x*y)dx + x(x* yH)dxe + x(x*y’ +xp)dy =0
(1+2xy-x*y)dx +2x*dy =0 (Y — wpal)
(1 + xy sin(xy))dx + x* sin(xy)dy = o (y — nal)

;A0 ALl cNdad) Ja -V

BTV ey )

» dx  xy(l-x)
x?y'? —6xyp'+5y —4x’y=o0 (Letlad A o day) aa)
xpy'-2y* -4x* =0 (Lemlas A Slad e
(' -2y) =X’ 2xy' +y) (Lmailad A 50 Slayd n)
x2y'? —2xyy'+y’ —4x’y=0 (Leilad 2a o Ay any)
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tadgelaall i phadll g8y AN Ak cld) Gl -VI
) F(x,y,%)=o JSAN e Aolae JS
35 Alalaald Alblaadl S Ay Ay — Yy IS5 Ax — x IS Lead Wlaid 1)
n Al e dadlade cend g Y galall ddiadia
:‘,),DMS\
pagdall o plasll Aladnily Ay laill s2a ca p-1
(VA) Ay —my oo Ax — x Qc(l)z\hl.uliqéuh,c -
A=1/x Gl 1Y Adlead mpnal S~

2 J $=y[x" o sajh—
o —x9 408 e (2) sy
X

sl a.ﬁhgﬁmu\c_pdq‘,\s—.}
P JSAN e leda oyl priall Juail AL Alsles L il —a

x = AG(9)
s ani Ll ol J e sa il
x=AG(L)
X

n héuydél"yqyjﬂx_gxuaﬁ(l)ﬁawid;!:&a)&
Poaoti @ Ao A e dolaall eual sy
I=y/x"
Y =nx""8+x"93 , y=%" D oS
Al Auloaliall Al Ja : (aakss
xyy' =2y* +4x* =0
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Exact First Order Differential Equations




1 | B WP |
mmd 98| o k| o Gty | emtelp | ¥ bt |
Exact First Order_ Differential Equations
Definitions ‘ iyt 1 JX1
e e o8 (@A A5 5 e Ay £ Cua U = f(x, ) Al o8 =
cCua dU s U Al 0 Jualilh b J s x e

du = égdx.;._a__lj_dy
Ox oy

b ok plad 38 a0 sl b aly N Sl iyl g

80U 02U

dx3y  Oydx

dla S 1Y B Jualis il M (x, y)dx + N(x, p)dy @ Jaiall e Jsii —w
i9h (M Lebialis of s U e s

dU = M(x, y)dx+ N(x, y)dy
v :Jlﬁdxwdjgd}igﬂgj

M(x,y)dx + N(x,y)dy

P Cuny Ay Hlia calS 1Y B Jualis iy

oU ou
5; = M(x.y), —éy— = N(x.y)
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A laladll e wih Lals Sl s M(x, y)dx + N(x, y)dy Jsiad S 13 —¢

@

@)

QU oM U 9N

D Alalal
M(x,y)dx + N(x,y)dy =0
Al Aglalis Aslaay

=1 dg > 2 JTI

p aglalall alatasl o<il
M(x,y)dx+ N(x,y)dy = 0

: g A5 Aslaall o388 SN 5 o U da il

oM _oN
oy Ox
:da pdd) o g3 -1
35 (1) Qdladl 1
oM ON .
—_— = — s P et (] |
> o O Gl - athl

f okl ol Al Agliatisll dlslaall o Lay 2l

M(x,y)dx+ N(x, y)dy

s sy U alls e gl L o Jualis 8

oyox Oy

b

Ox0y T
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M _av

P dia
oy Ox ?
OM _ON 4 sy gia3 (1) iuloolitl Alsted) : Lym
oy Ox
LAl Al ol gl ol
oM )
oM ON . .
= :.‘ ‘;u\
5 o O sy il e (s () cany

il oa o Gamg 4l im 1 g LA Al 4 (1) Aldadl o (e o g
08 Cuny U Jie Ay Sia 22 s

Aaf b A gall 81y 0 Y cpda al Gis3 U Jie 3y dladd oSy A seany
Ging 530 U Slayly 1555 ) Jad ey -l Y1 e sl (Bins Ay
dastl Ging oW U oS4 sl - cpdapll aalf

oU _
Ox

Pani BBy el g X (o Ay ALl
) U = [Mox+¢(y)

hidy (W00 g ol Bty Usbe) Wl Ly oSl . JaSH il 6 ua
X b A
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Pl I dapal (38a5 o Cand g slladll DA o30S 1Y Adal) b

%(yl= N=%[J.M6x+¢(y)]
o¢ _d¢ ,
P s
@) Zy¢ N———jMax RPN

Al L e Uil by 9““;5 iy i g o s

g x _yaiall
o
oN &
R
w a{ jde} 5
ox Oy | Ox

Sty el pa x iall dpually U DS ey il Jas e Sy
by A A D) AS S oY il Y pe x _pstiall Al U e ABGSH
sl e

(3) B,
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1085 (3) (o ey Leimsaiy () o S Ly U

‘—’LN——a-jMax
dy oy

taady piall dnadlly LIS ALISAL
oM
¢(y) = J{N- ———6x]dy
e
P U A g gailly
oM |
U= [Mox= || N- [—ox|ay
froc- - iy
diay . Aleal o3l Ja 8 U=4 My dU =0 6 4l sledll of Loy
5) [mox + I{N— Ia—jw—ax}dy=A : 5n Alalaall Alall Jallé
oy
- ;‘_‘] -h'a, :l ..

gl A3yl s Ay Ayl la g Ak o 8 Allaall Qlall Ja slagy -1
O3-S Capny COLLE Ao gana () WL 5 Aloalisl Aokedd) Lidal 1 @iy iaiy
Laie (Lali Slalif Lyia e gann JS Jani Cusms of) Ll Salis e pana S
Blasall Aslaall pladl Jall 3 4alil O alitll de pane AlalSay
s aglalall Aol e 13 -2
M(x,y)dx + N(x,y)dy =0
ol

B S S R PO T
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6M¢8N 1< 1 Ll
——— — M )

oy Pw Jb
AL G kil Jad Y Al e Alalealld

-1- JL
J \EYPOR I RO

(6) (4x -3y~ ysinx)dx + (cos x — 3x —sin y)dy =0

caladl QJ:.A;QQAJI\.AB@;AEUJ\M@

t e
toda Lidla@

M(x,y)=4x-3y-ysinx

N(x,y)=cosx—3x—siny

Qy—z—ii—sinx, 21!=—sin—3
Ox
e 2SL ) lda Sy g At SUanall Alalaal Oh_,-.;,.m%‘-y”-:%]z b 4k g
x

Ak
1 44,

D3 geal o LS oSa , Al slanall Astadl (58

dU (x, y) = %%dx + agly’-dy = M(x,y)dx + N(x,y)dy = 0

47



N .:%(—]—=M(x,y)=4x—3y-—ysinx
x

v

(8) = N(x,y)=cosx-3x—siny

ol duani X () dpmilly U a (7) Wiy
9) U(x,y)=2x> =3yx+ ycosx + d(y)

fole eanily (I Al U (9) (ol Jualis ¢ AN slay

a—U-=—3x+cosx+f]£§=N(x,y)=cosx—3x—siny

dy
d .
—Q=—Slny=>¢(y)=cosy P oY
dy

I:L_‘lh:‘,
U(x,y)=2x> =3yx+ ycosx+cos y
i 9 slasall Al A Lalil Aalaall Jab UL
(10) 2x* =3yx+ ycosx+cosy = A

sl BB A G

tele Juani (8) Sy ol y 5 x Jas oS5 Ailudl &l ghall (i g\ (S
(11) U(x,y)=ycosx—3xy+cosy+w(x)
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P Al Aalaall 238 Juzalis

—aﬂ-— sinx -3 +ial
ox Y Y dx

M(x,y)=4x-3y - ysinx

%Z)—=4x o
w(x) =2x’ Aia g
U(x,y)=ycosx—3xy+cosy+2x’ = A ol

el Ulay oA il i g

e tmy X (ol Al U M(x,y) JASS mise Uiy DA o duass
rofatll Cibaladll gl &y G Asails Wia N(x,y) JalSS

U(x,y)=2x*-3yx+ ycosx + ¢(»)

U(x,y)=ycosx—-3xy+cosy+w(x)
2 o )
#(y)=cosy w(x) = 2x°
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: AN Ak )
idle (5) Akl Jaid,

oM
Ux,y)= J.M(x,y)dx+ J[N'- J.E Gx}dy
2 : 0 ho2
=(2x" =3yx+ ycosx)+ I{cosx—i%x—smy—a@x -3yx+ycosx)]dy

=(2x* =3yx + ycosx) + I[cosx—3x—siny+32—cosx)}1y
=2x> —3yx+ ycosx+ j—sinydy= 2x* —3yx+ ycosx +cos y
idall e duaad A Culls 4y gl (o3 g Bl il i 54

: dagl )l 44y \dal)
;A sac il
JolSs (JalS il Y Caini Bl y il X ) el M(x,p) JelSs
Gl g gaaall gl &y (JAily x o gsini Y A N(x,y) s
e Juanil 5 sl

J'(4x—3y—ysinx)6x+ f— sin ydy = A
Pl 06K

cdall peis say 2x° =3xy+ ycosx+cosy = A
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: dasadldd] 4k b
:L.\SSL@L&SA;JSQ)SA&JJLMS\ Jgda L )i
D5 gmall o Ll € slanall Ailadlls
4xdx — 3(ydx + xdy) — (ysin xdx — cosdy) - sin ydy = o

d(2x*)-3d(xy)+d(ycos x)+d(cos y) =0 o
rof and A&l g o5 Jualis g Y1 22 JS

2x? —3xy+ ycosx+cosy = A
o dadh Aapday Jall uis ga
s o eV finy ¥ g anl Laany a5 030 Jall ik b diiall
S e AU o sy S (3ol 03 Uidjun oy Al e sty Laga sl
Al Akl o 3okl 3 e gl of ol gy sl

Integrating Factor ot Yt 3111

t ey a3
P Al JIsY A5 el e Agdualisl Alalaall 0585 Glall caled
(12) M(x,y)dx + N(x,y)dy = o

oM ON

— ¢ JES—

oy Ox

A lalis A Tolea ) Al e Aokaall 038 Jygat oSay cVUSD mny b oS

SrepaSl Jalray —and  p(x, y) 4ailia a s ﬁ ipuall @ik e 44l
- (Integrating Factor)

rof o Al e Alialis Aoles

51



i (12) dd A e Absli) Ableall JoeS Jale 4 p(x, ) oS 1Y
) Al

(13) p(x, y)M(xa y)dx + p(xa y)N(xa J’)dy -0
9

14
(14) &

(oM) =2 (pN)
Ox

da of Al el ey AL 5 il e glaa plasiuls (12) Aslaadl Ja (Says
(12) Al e ddoatal Abledl Ja Load 5o (13) aabl bl

=2- Jlia
sl Alalal alsteall sl oKl

(15) ydx —xdy = o

el L gas Aald Cand Alsladl 038

P ales Ll
d y ydx — xdy 1
— ()= ———~——=——(ydx — xdy
) e = )
-——y—dx+ldy
T2 x

A lolee Y Jpam ledlh - L Jeladl 4 (15) (ks e 4 (g i dlld diag
X .
;A dlealss

1
(16) -Laxr—dy=o0

X X
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9

.91 s
ay(xz) ax(x) LI

y:Ax “5‘ y/x:A ejajh_yh:l.bu‘ FRYY da;

A(15) slaall JpaSal Jale g2 (—i,) o A s
2

d[Ln(-xy—)] - y}x xdy — G o ol dllis
1
= ——(ydx — xdy)
xy

. (2 1 -
CAblaall S Jale 098 of Lad mleay (- xy_) i &l e
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< x < B Jloaal g saals ihis SV e culS 1y < x < B sl e
s f (S (S)Aikall y da JS o ¢ Liuall g Y Wy, y,) G
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- W ||

148



_§-L !..
< x < B gaibala dlae o e g (x ), p(x) gatad s 3
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DA (Bia Cunyy LadlS aaeiy Cuay AB il

Af (x)+ Bg(x)=0

x< x < f Jadl 4 x pd aganl
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w< x< f Jaadl e daii gl die hall e calisg il LSy,

- dalnd dulila] Aalat Ayl gl S_vii
Ja o 13 ad 200 A5l e Apkaad) Agdualishh cVoleall (al i aal s
S Jall Cpat Ky ald Lo glea A0 A0 sall (he dgladl dglalil) Alsleall 2al
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nZ = - [pdx -2y, + InA
Rl i A s
9'=2=4—¢ Jes . qu (x) J

Vi

155



D a5 Al 5 e ALKl
$(x)= [Zdx = 4 [U(x)dx + B
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: (11) Jlaaialy Lot

—1 Jeadl
OS—wig )l paey ¥ of gy Lad s e o™ (lall 58 ST
Ll

e™* emzx

w(em,em)= — (m, = m, )emxsm0)

m]emlx mzeM2X

55ty ¥ Wl (S iy ¥ 0 a5 ¥ ) A0 o g
- blad aliine (Rl (98 m, , my ) sl

2

Omshaia o3l 68y C=-3- o @l B =4aC (58 spad) paniy Lerie—]]
a

Sdanal Al 3 o™ gy m, = m, = m = -%a Laa

D sle Juani IS jida ™ 2al

@m? +bm + CR™ = {a[-z—b-)z + b(— %}u E—}e”“

a 4a
b? b? b?
= - + e™
[4a 2a 4a}
Py (11) plasiuly AW dall 5%y stanall dsladll Ja ga ™2 of

p(x)=£—
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fr g
e — _bx e a bx
y.=v | i = 4«[_%de=e Yia [
e
- xe —b%d

y(x)= 4y, + By, = ¢ Vi [4+Bx]: ol a5

< Auadindl! p dulaint! debalaldt G¥alalt -7 -
Nonhomogeneous Linear Differential Equations

A0 Al (e Aailaliall e Adadd Zloaalidlh Alstaall pall Jad (V) Ciags

Poygall o Al

(17) Llyl= y"+ p(x)y' + q(x)y = g(x)
sodae dp g(x), alx) , px) 5 sl Aalidh S5 0 L)) i
- e Jlae e

—>2 3 L[y]=0 dlanid) dghal) Al Adstadll sl Jod) a2y, (x) oS3
s s LS5 LSy inall ) g(x) e il U5l Legle Juaad il
o3 (Homogenous Equation) A—udlaidl Aliadly Lfy]=0 {alead
: dlb e y (Homogeneous solution ) adial Jall §f (uilaiall Jally y, (x)

(18) L[.Vh]=0
- (4 Aokt ) AL Janell Jall duis ga uitadiall Jal

yh(x)= Ay, +BJ’2(x)
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Jo—lall i sisael 8 4 {y, y, )y B, A cu)isl il e g siay 3
+ Rilaiall Aslaall ot (Mliinse (Ma p, ;! (5 k)

i $ e s siay ¥ (Particular solution ) gala Ja 5 s y(x) oS4
sl . L[y]= g(x) duslasial je Aslaall 4, sl

(19) Lly,]=g(x)

_Z_ "5 ; !gf!
doleall Jall Joall ga Z[y]= g(x) dnslaiall e dgdadll Aslaall slall Jal)
el i e gy iy Y pals da 189 L{y]= 0 dulanall adesl

b sl Aulatdll pe dgaall Ableal
%)=y, (x)+ 5 (x)

2 b all
Lly,]=gx) , Lly,]=0 oW
P L Jhisal s e gy oY

L[Vh +.VP]= L[)’h]'*'L[yP]: O+g(x)= g(x)
Ly, +y,]=g(x) g

dall 138 of ot of Giyy L[y]=g(x) Wolaall da 38y, +p, 4 ing 120
e Ay oKay L]y]= g(x) Aolaall Ja ol of Bl ol g5 ale Ja g2
Y=Yi+r Fiopal
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Lyl=g(x) : ablaall Ja f p osd
) P=y-y, peas

Lio]= Ly -y, ]= LDy}- Ly, ] = g(x)- glx) =0
ey d=y-y, 8. Iy]=0 ulaidl doaall ple Ja a0 @ o
y=>0+y,

. L{y]=0 duilaid) Aol a0 @ Cua

_Zg- S!i
' -y =3e? il dlalil dsted Ul oS
yr -y =0 o Auilaiall sl

oilaidl Jalli Iy e e il Ui cplifaad) cplall i Alstadll 38
y,=Ade " + Be " s

ce™ ga Ailatiall e Adbeall pald Ja liag lolsal Wl B, A us
5 slaeal Guilatdll Al Jal Jal oS oS e

y(x)=y, +y, = de*,Be "= + e**

: cliada
cilSy Lly]= R, (x)imiaial e allaal Lals 3a p, (x) cals 13—1
o LIy]= R, (x)3ilsid e sl 4 bl Loala Sa y, (x)
A wilaial g A ghall L lleall Loals Sa 0335 3, (1) + 3, (x)

Lly]= R (x)+ R, (x)
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i L{y]= R,(x) aloatil alilaall Lals Ma y, () culS 13 Ligac
. L[y]= Z Rl(x) :".-.‘L“-‘ﬂ‘ Uéuhﬂ\a%uﬁ Z yPi(x)

~t a8yl el (g gy ey D Y
Ly, |= y,",; F @Y + 4Dy, = Ri()
Ly, l=yp+ pG)yp, + qix)ypz = R,(x)
=t aad Ofiblaall ganyy
(J’P. + Ve, )" + p(x)(y,,l +Yp ), + q(nyP.’sz)= R, + R,
Llys + v )= R(x)+ R, (x) d gl

oS i Ly]= R(x) astaadl yala da slaf 315 Gualall o2a i
o= e SV Qi alall Jall slaf 2 dges o jal 520 3 R(x) VA apus

L[y]= R(x)aosisond i desd Aladl y, pals da o SS) 3y 35 -2
A ilaiall A Wlaall Jolall aal e el 3o 82le 6 Jslall 238 oy Gl oS,
Js—tal aal dasiuly ¢ Ly ]= R(x)ableall el Jall of eumy L[y]= 0

c Al i gea e Jgandl (S ¢ dalal)

170



‘ _21-
IS agy Y ddlate e phad Aglialis Alaal y, palall Jal laad o oladd

Al lala (atlar y, =€’ —casx ,yp =-cosx O} o
A laall (S wall DAl S 1y " — y = 2cos X Audlaldl e dplasl)
ilaiall e Aliaall ) Jall BSH 6™, ef lad YT -y =0 Auailaial
aal dyent oSa o -y, psSulis ey p paldll dadl dlasiuly s e
c A aalall el pda

! Jeadl
Dalaa y, =€ —cosx 5 y, =—cosx f s Hdldl Ly el
y —y=2cosx Aslaall liala

Yr—Yn = (—cosx)" —(—cosx)= 2c08x = —a¥l calall

"

Ve = Yn, =(e" —cosx) —(e" —cosx)= 2cosx = LYl Gl
Yp =€ —COosx , yp =—cosx ()
Laa "=y =0 dwilaiall i Iobeall oD wddl (DU 2 S 1Y

y,=e" y, =€’
y=Ay, +By, +yp s dudlaidl e daleadl Jy¥1 plall Jall

y=Ae* + Be™* —cosx
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Y= Ay, + By, o+ p, ~t s deilaidl e dsleall S ALY Jal

y=Ae”+Be"‘+(e”—cos x)=(A+B)e’+Be"—cos x
il = A+ B palayy

y=A'e* +Be™ —cosx
CalEs) cul gAY, B, A Cua V1 alall Jall i ga g
—22- JUa

¢ Aaleall alall Jalb 2a

y"+4y=1+x+sinx

= Jadi
Y +4y =0 uilaiadl Ao 33l Y

m+4=0 b naall Aaleall e Jiani y=e™ (0 (agaillyy
P JSAN (e pailaiall Jall 08

Yy = Acos2x + Bsin2x
: Yaladll Aalall Jglall 3 Aalaall palall Jall e il = Ll

y'+4y =1 , y'+4y = x ,Y" + 4y = sinx
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X . I . e v
aag_lula'.’i,kqbg—smx ,% ,% O e @Al A gy Sy s
=i b sUanall Aslaall Jlall Jall 3 . il o Y daad

y = Acos x + Bsin x+l+£+lsin x
4 4 3
Method of undetermined coefficients :Aiall ué Sielal! 4y plo -8-vii

ialall Jedall e Jyanll A bl 3kl san) 5kl oda b o in
L e g omd A0 Dalaal 5 Auailaiall pe dgasll dglialill Y slaall
dghall ddoalil Aoleadl daady . by kg Ciy jlad (pe dibd) cl il oL

=i b sall ol g LeDlalaa Al 5 3600 A5 el (e dulaiall e

2
ad y+bibi-+cy=g(x)

dx ? dx
X i ide Ay g glx) Gulaial aslly &y )aal Adiia <l 8 c,b,0 # 0 s
Aga Ay (aox" +....+an) EPCNIPRETEL (O B WEIU - S RO R
(cos B , sin fx)
ot A ghall A balidll A loleall p(x) alall Jadl of =7= 2yl e plaig
P ofla g gane 0o 05y Lly] = g(x) Auclasal
L[y]=0 2uulanid) 4laall dslaall y(x) adiall of Luiladll plall Jali-1
Lly]=g(x) aulasad e adasd ladl y,(x) Lals Ja 12

%)=, (x)+ 7, (x) td ol
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el Auolaial Ayl Alialit) ey abad) Ja Gk aldl il b s,
c Y, () palsiall dadl 1 56K 5 AN Ol

palall Jall o do Jycaall 3k lali Ay 5 al 038 (& ux o (duy
Lk LS o palal Jall o Jpaall daisal) Lk 4 iy y, (x)
iiyh (gl Lllaan Ay . (o0 sk el (e A8 Uk LS Y Agiseas
c Al Biay gald Ja (gl e J geanll L p0ie o

Lly]= g(x)
Gl (S Jall b dafall Al DAl Alaall il Glals (Dl caliag s
- baal) J JUal 86U 3 (oA g sl i 58 Laghy
bl Gy Y(x)oals o s b Aginall e cDlladll 40y b ailiiy
oalall Jall 13 JS3 ading 5 (Trial solution ) uses JaS 4y pa il i o
oy Ay Apmall e cDUalaall Ay puall ol B o3a 5855 gx) WA JS8 e
ailaidll e Aslaal) A adlitiay p,(x) G stiall Jall G (g gnilly Lgismd
- Al Zaladll il e Al 3 gall O llaa 8 slae 2 (20) Sl
leiliian Al (a3 Aalall (3 ally Qi jlia Lgtidabing g o yuuss 30y sl 230 i
el i Aghaall Abalisl) c¥aladl Lo lhin s 5o Lo oS3 an g
g (x) Al 5 g3 Bl pa g 0
o Ayl g i A0 Al ATYH 38 Aalal Ayl ABlie  cadl (8

=23 Juia
y"—3y'—4y=4x2 : @.’aﬁﬂ‘ Ualeall uau\ da.“ aa

174



~: Jall
y' =3y —4y=4x’ ()  Llalid Al palad Jall ey

y,,=Ax2 (ii) 5)}-&“r_‘ci_m\a'>{au~)~
(i) oo (i) G0 mrsnilly diad 3y (o i 4 Qi
24-6A4x—44x* =4x*  (jii)

Liliadl x (g b cDlalae (5 g (f ciny X oo ppend Aiaiall o34 (Biai Jia
24=0, -64=0, -44=4 —: f o dslaall i ,ll Lo
Aoy, daly of B A clidad oda A gVl ol Giay of oSas Y
O—S) Ly, = A (i) IS e () Ablaall el Ja sy See e 4l
apa S U e () Asladd) 8 4x? Gailaiall el aall (5 55 Laigs
cogall e palddl dal of i of sl g 4ld 4x? +ox+0

yp(x)=Ax* + Bx+C  (iv)
(1) b (V) 00 g snily Lagdsns 3y 4y ki) <l 8 C, B, 4
24 -3(24x + B)- 4(4x? + Bx+C)=4x
=t e Juani il e Al x (s s Dlelaa 1 shaa
24-3B-4C =0

~64-4B =0

~ 44 =4
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—: g galall Jall Q,sgqn,c-;_l% ,B=% JA==1 ¢ in lae

, 13
yr@)=-x+ Y x-B

y'+y =2y=sinx (i) dbalisl dsaall (alall Jali 2a
: Jad

t bl e Lals Ma i (7) balish Alstadll Galall Jal) slagy
yp = Asinx (i)
t o 2 (1) (i) oo vasms
—Asinx+Acosx—2A§inx=2sinx (iii)

~34=2 , A=0 ¢ aaigpisll Jde cosx, sinx < labae 8 glusas g

o (1) sldanall Alalaall Lals Ma mloas ¥ (i) of b - A ina YV o gl o
e pevay (i) Al Y ol ¢ g B e saill Jadt 138 o
—:SJJ.;A“

yp(x)= Asinx + Bcos x (iv)
Pl 3 (1) (b (1Y) e milly
—(4sinx + Bcosx)+(Acosx — Bsinx) - 2(4sinx + Bcosx) = 2sin x
=1 o and b ylall e cosx , sinx  lebas 8l gbuey

-34-B=2 ,-3B+A4=0
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B=-Y , 4=-¥% J

Vp =—§[3sinx+cosx] = galall Jall S5

:=25_ JUhe
Y +y=xie () ¢ Aadcalil Abeall alall Jall 2a
TN

P sl o Lald Sa e (1) Aboabinh Asteall palall Jall sy

y,,(x)=Ax2e* (ii)

Al2x? +dx+2p" = x%e* (i) of 32l () A (1) o0 pas
b aas gl e Agliadl 3 gaal Jalea 31 slaay

A=1,4A=0 ,2A =0

o el ¢ gun (8 L b Jani o Lald Dla (i) pbead Y L g GUY e Y

yp =(dx* + Bx+Cl* (iv)
t o 2 (1) b (9) o parsmall
pAx? +(44+2B)x + (24 + 2B + 2C))e™ = x%¢*
p o and gkl e ibadll x5 g8 i lebea B slusay

24=1 ,4A+2B=0 ,24+2B+2C =0
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: ga palall Jall S 4de g C=}é , B=-1 ,A=}é o asi Ledes
y,,(x)=(—;—x2—x+-;—)e"

e Laclud 1 acl gill aal ¥V 3 ) st Jgiall 138 o aius of Jladl dagdaly
coalal Jall Culie JS b

: Agedud) 325\l
gx)  om R cul S A e Sl ey A8 e 350 A i oS o 1Y
ot Aglialil daall Galall Jall b L[y]=0 Dslaal y, (x) polaiall Jall 5

pipall o pasi Ly]= glx) ailaiad

Yp (x) = Ar (x)+ A,r, (x)+ ..... +4,r, (x)

o il Gijeay) g(x)alall 4l ditadll 3gaall o fr, (x)} Solad) 428 Cya
393l 03gd el Zihall B i AN Baaall 2 g0l e 5 Dl (T aa il $ ]
3y Aipma e Dlalea o {A, Feud S0 2 (el e <l 55 gl Jlaa)) as
(3-2-1) diull ABaY) o giidai 3acldll o3¢] praa il

Sy 8 ,8x —a Llall Lgliidey asaally g(x)=4x? ¥ Asledl
da eV cuaid dya Y, = Ax? + Bx+C 5yl e palall Jall e i
cail e 4,B,C <l 4 8,8

32 aall 3 gaall g (el culill Jlaaly) g(x) =sin x —24 — JLall Adlaa 8
e palall Jall 5 Jally . kb cosx b Lal) Lglinde (8 ek A
vy, = Acosx + Bsinx : 3y gaaall
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toh Llall Lgiliidia g(x)=x%* -3- Jud dilas A Laiy
—: 1a (x* +6x+6)e" (x2+4x+2)z" 3 (P +2x)e”

o Al b e d g g(x) BB sall st gaall of gl g
—t 5 gall Je palall Jall (s dlly ey xe® , e

VYp =(Ax2 +Bx+C¥Jr

—_ "ﬂ Eggs

syaall agaall e (e 23 e 1Y Al e COleledll A3y jha Ll
g(x) Al Ll sl
o= e—y saall 390l (e Y lae i g(x)=tanx OIS 13 <llb Jia
el ol 8 Agiaall e COLelaall Ady Hl (Gt Y JEIL g Glall iliial)
- 4l dalal) sed il Jaytiud Al sae @l oda e foly,

ol e g S glx)= P (x) oS 13-1

=1 3 ypall o dlolish Alaleall (0S5 Alall 038 4

Q" +by' +cy=Q,x" .y.Q]x"'l + oo +Q, (1)
= e gall o i galall dal (e Jgasll
Vp (x) = on"'l + An—2x2 +A4,,x+4, (ﬁ)
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b e Juand Abalis) Alsbadl 3 iy peilly

Qrln-1)dyx™2 +....+ 24, , |+ blndox™ +..+ 4, ]
+ClAx" + Ax™ 4 4,]=Qux" +...+Q, (i)

Daad Gkl e x ddlia, C alase 3 gl

CAo =Qo

CA, +nbAd , =Q,
C4 , + b4 w1 + 2QA,,_2 =Q

n

ol et 4, =Q,/C s J¥l el Ja 8 C£0 S
cai Al A4, 4y, A da 2000 il
Al e ¥ bl G ogaall K S8 b2 0 (Sl C=0 S 1Y
G 353a IS Ay + by’ G (s (f) dladll BiaT o (S Y (n—1)
c 1Al e agas HESJSE ey, (x) W) sy noda
bl g o

y,,(x)=x(Aoe"+ ..... +A,,)

aal e Jiy g5l e ol 4Y y,(x) Soke A il g Y Cua
- Ailatiall Alalidl Aslaall Ja ga il 6l6 €= 0 08 Lsie el
Ay Ay Dl i oS Sl Ao=%5 N b0 of Ly
Bl g wgal AN Al a8 C=0 4 b=00S I,
Yp = xZ(on” +....+A,,)
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O Badliy B b BBy pad ¢ (Sapy 0 Aa ) (e aall Gy Qup(x)
b omall el Alall o by, ke Okl B dadd) aall g il sl
. puiladall Jalf

i Ja M s sy S g(x)=e™ P (x) s 1y -2
—t 5y geal (pe dulalitl Albadl 4 Aall 030 b ()= e [Ayx" + 4, [

Q" +by' +Cy =™ P, (x) (i)

¥, (x)=e=Ulx) PR ce palall dal i

yp(x)=e= U (ch e U(x)] o
yh(x)= e U (x)+ 2. Uk o U(x)] 5

=t asi e sl laialyy () Alaall Ay py e pasall
Qu"(x)+ (2Q oc +b)u'(x)+ (sz +b o +C )l(x) =P (x) (ii)

Bo—dill 8 Wil ) Al (i b (1) Dsleadl 03¢ alal) Jadl oyl
| M

Ulx)= 4,x" + 4, JSB e S Jall 8 Qe +h e +C # 0 M)
=2 b el Je (i) Astaall Galall Jal o5y

yplx)=e™ [on" ot An] (iii)
P8 2Qae+b#0  ,Quc’ +hoc+C =0 S IY Al Al e

Ulx)= x(on” +ot A,,)
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yp = e x{Ax” ot A,) =21 Aokl paladl Jall o sSs)

Auilpia) dlslaall Ja g4 e (i Qoc? +hax +C =0 Vla i of Jaadliy
%™ e Wallow il 2Qx+b=0 5 Quc’ +bx+C=0 S 3
i o U(x)dall iajouall 5 ) geall 0 Lukdal Malaad (Do Laa

Ux)= xz(on" +....+A,,)
Yo = e x Agx" 4.t 4,) 1 5l o (1) Asladl el Jall oy sSs,
g(x)=e=P (x)sinBx 4§ g(x)=e**P,cosBx : oS3 -3
g(x)=e=*P,(x)sin Bx 3_pa¥ Alal 2ald . liglita oalall it
P Al a6 Wl G AL Y Al a3 J1 ) oSay
8(6)= 2, L -] Lp (oeccomr _ o]

=t 5yl Oe palall dall J‘e'fa“ (S s
yo(x)= e [gxm 44 |+ e R [Bx" ..+ 8]
—: K 5 geall

yp(x)=e™* (on” + ot A")cos Bx +e™* [Box" +...+ B, ]sin Bx

o Alcaidl a5 a5 ) guall )5S B0le
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Al (g unilpiall Abialisl Alstaall 5 jaall Alsbeall (Bing oc £iB (IS 13
e el S 1Y . saaly sy a0 g X dpsadl LIS (o Jlal
=Dl s 4ild ™ sinBx , €™ cos Bx )bl e (5 gian uiladal
el i) Jall gl i i 5 e IS Y ¢ laa (5 anl) A Mlna

i S

Py gmall e O9S paldll dall ola g(x)=xsinx+2cosx oS 1y
yp =(A4,x+ 4, )sin x + (B,x + B, )cos x

Q_J&A..;»L_Auaah_’:\mw‘ :\.‘JL'A“‘_);\X; cosx,sinx U_,S,\Y a3 L:.::\a..!
~: Jl Jgaal

g(x) ¥, (x)
P(x)=Qux" +Qx™ +...+Q, | **(4x"+4x™ 4.4 4")
P ()= P4t + 40 4.4 )
[(4,:(’ +AX +., +A,)e°°‘ sitB>
P”(x)e“{s‘i“ B A mr' +a)e°“coBJd

=26— Jba
— 20l Llalial Aslaall dipeadl) 2 cDalaadl (3 yho pladinly Ja

Y =y =2y =2x* —4e* +5sin2x + xe™"
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~: Jmall

P =y =2y =0 Aulsid) Aldlead o gay uilaid) Jadl ¥ Cung
mP-m=2=0 :35adl l@hlaay

myo==1 ,m=2 laallalda,

y, =Ce™ + D™ : (S8 (e wlaiadl Sl 06Ky

cedyed Ji ¢ Aadl e cOldled) A5 ke Janiid paladl Cadl dlagy

g(x)=2x* —4e* +5sin2x + xe™ s ol e

o= 3= e J V), (x) ootatal dalls g(r) o AS ke 3pam 3a 5 Y
spalld el B ey gx) b as xe™ Ly m=—1 Sl e 3l &
> APUNIPRY R PR R P xle™* oo LG xe™ Aad Galall Jait i QZL“
iy Aoy palaial dall A edgmy Ganas 5aY) Sefiny e, xe™  x7e

*:3_)}-.:.“ U.L: ‘:-\A'\A S&.a Lo i

vp = (A4,x% + Ayx + 4, )+ (4,67 )+ (4 cos 2x + 4 sin 2x)
+ x(A,x + As)e""

-1 3_dloe ARLd) 200 gl (4 gl o il Lalad) adl o) el msea of Baaduig

VYp =24,x+ A, +34,e> — 24, sin 2x + 24, cos 2x
+ A x(~x+2)e + A (- x+ 1)

yr =24, +94,e” — 44, cosx—~4Asinx
+4, (x2 —4x+ 2)9"r + Ay (x ~2)e™
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Jsan Agltiall 3 paall apeniy slhaall Alaall i aliiday p, o O saillyg
Ple
(24, )x* -2(4, + A, )x+ (24, - 4, -24,)+ 44> +
~ (645 + 24, )cos 2x + (245 — 6 4 )sin 2x + Ox2e™™
~6A,xe* + (24, —34,)e™" = 2x? —4e’* +sin 2x + xe ”*

s ol aas ookl e dglinall 3 gaall O s 31 gl g

-24,=2 (i)
A, +4,=0 (ii)
24, - A4,-24,=0 (iii)
44, = -4 (iv)
64, +24, =0 v)
24, -64¢=5 (vi)
-64, =1 (vii)
24,34, =0 (viii)
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=1 4 paladl dall 658 @l ey
y (x)=x2+t-—y-—e3"+lcos2x—-ysin2x+ —}-x——l—\e""
r 2 4 4 6 9)
—1 alal Jall a8 Gallaidl Jall ga Al Jat oS5
2 3.
y= C—lx" ——1-x e + D& —x° +x—§—-e3" +—1—cos2x——sm2x
6 9 2 4 4
=1— dlaadle

aa J< E Galall Jal slaf (e 4t 3p0n Gy e 0sS5 g(x) o s
. g.\)d\uwb.‘.ab'.‘a.‘.‘d&a;ﬂ&a&‘ J}L-.J‘.o;z@;jfi

~2— 433N
i AR Jlea WA ldes sinhbx  , coshdx a3l J e Jelas

-l Jga Y Jsa3 f sin Bx,cos Bx
ks 88 0 p,(x) uu Al LY e dgled AE S g(x) oS 1Y
Sl S Ly o Al agand aa Allial Y e 3

: Ggdadt| Aulad) SYstal! ot O Faf Hhot pudd Ay o 9. VII
Method of Variation of Parameters (Lagrange’s Method)

&}j_:lb__uau_‘cgg_)mg_u;\.smawu\)u\_)hl}a.d i ey A4 Hh i
A Ol wa o) il € o) g duailatiall 2 Adhal Al @Y oled

g(x) oY Gkl g s oo il Goayy (X 8 Jsd ) Biie lelaa 53
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ik ey S0 g(x) WAl e Apaall e cOLabadl Ak (A Jladl GuSay

el

+ Zglalith Aslaall 455 gle Al i Lo goas Aie 1 — |

=S A Tla b 1 jaa (5% 3 il y Gulaiall Jadl jae e asldel ~ 2
5 yidie COlalaall
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. el Al Y Lt saa) o AN
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 x=0 e Gblad Latls £ Qx) = 3"1)3 ¢ xP(x)=2 o Bl s
x—

0SS x =1 daiill e uSallyy . Aadaiie 53 jiie ddatt x =0 4dadilld <) e
W (x-D)*QM)=

055 L et A0 (- DP(x) =271
x(x-1 x

.ul..-. ﬁsaﬁwx=lwueﬂ5ghjx=lﬂawﬂﬁ

268



A3 Tedal) gt (6 g hemebiislisnlt (g Jgtind! 2. TX
Power - Series Solutions Near an Ordinary Point
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Db guai jiaal o S Lagia JS ol Jlaf Chuaiy . b lilituey x=x,
- Q(x) 5 P(x) duluia s
A duiesbe e x =, il dple daii Jya Jadl slay 4 3 kel a3 2yl
Q; ¢ Q, vildledl ANy Q(n) LeDlalas paan 32235« (x=x,) s
D Gl

e JS 58 Apliatinl dataall dgale ddads x, adadil) of (el Cas Wl
X=X, gty )i Alulilie 5 ) ga Ao il AL Q(x) 5 P(x) ol
by i—ase R Cus 0<|x—x,|<R, : Jaall o o i iluluial

u_)m_)uumaﬂa\

269



o

P(x)=3 p,(x-x,)" "
Q) =S g, (x-x,)" i
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y=> Qu(x-x,)"

Y= Q,(x-x)" ,  y=ynm-)Q,(x-x,)"
ISP PRRE | RPN P AP PN PR YWEL JUEUS (o J§ SyCh DIFON JRLIVEN
Lloalith Adaall 3 Ll Jlmy Y7, )",y i gas SOl

TR )

in(n -DQ,(x—x)"* + !:an (x-x,) inq, (x—x, )""] +
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3 geall o 58 iluluia JS3 o Lagauny oSy Q,P ol of Lasy il
Px)=py+p(x—x)+ ...+ p,(x=x5)" + ...
Qx)=¢qgy+q,(x—x,)+...+q,(x-x,)" +...
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Dok X=0 Al ALl Jpa s 56 Aulidia 55 ga lo Alslaall o3a Ja Sy
. 3_13¢¢d' ‘;h= Lj:.ﬂ

y= Zanx" =y'= Z"na,,x"‘1 =>y"= Zn(n ~a, x"?
;oo duani Jall a8 st 3 b (e g ailly

o0

D (n+2)n+1a,,x" —i2na,,x" + iﬂa"x” =0
n=}

n=0 n=o

2a, +4a,)+ Y [(n+2)n+Da,,, -2na, + Aa, " =0 J
' n=1

o Adall 2y S 2Dy g, =_”‘2’° L ol

2n—-A

Ay =——————4a, n1
(n+2)(n+1)

el g3 1388y @, Cumbosy s @ g, Ose a, o) A 238 (e gl
ca AN o A A X (o ) el dpailly Jially
: 3_1}n‘=“ L5L= Caie HA TPIN th“ alulida dl’S;J

y=a,,[1— Ao G-MA @-Dé-DA o }
2 4 e
+a,[x+2—/1x3+(6—;L)(2_'1)x5+(10_/1)(6_;L)(2_A)x7 . }
3 3 7

283
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CX pl pen Jal (e Ay lie Alubiiall g ol jhss) 5l a;,a, Cus
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Successive Differentiation —: cladall Jualdil 4l b .
A il Wl Ja Laad o84
(4) Y'+P(x)y'=Q0(x)y=0

Wxg)=a Y'(x)=b

dlall Jall o Juaid (5 il Alududia Gy iy x = x, dsladl il Jga

H 3_)}‘“ UA

y=ayy,(x)+a,y,(x)
Aol Dl AN a,a, o bEaY) Gall Cuel Al Jsal (e g &
.a,b

ol L guas a1 (mny b Jauad (555 38 (5l 0y yhay Jadl oSy ad e
il atiall Jusal il Ay jhay 5 a1 A5 Jall o3a ety . YT DLl
“ 1k Lad L 3a 58 (Successive Differentiation)
o5 Alulia Ba e Jall g oSy 0F dpdle s x = x, ki) J Loy

5 geall e (558 Alulida b 5)

n)
(5) y(x)=23’-—n(,’i)(x—xo)"

}’(o) J’(o)

= Y(x) + Y (x5 )x — xp) + ——(x xo)

e Juanid y"(x,) W ) Jigal Ga (g yma p'(x,) 5 H(x) S
5 ygall o L€ aey slasall Aaladll (e
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(6) y'=-Px)y'-Q(x)y
Y'(x,)==P(x,)y'(x4) = Q(x,)y(x,) 058 Al dais vie 4e
x=x, de yas SR WA e duasil 5 a0 5 Jualis
s ol

Y(5,) = ~P(x,)y"(x,) ~ [P )+ 0 )b (3x,) - 05, )0(x,)

i I JOdl gy = x, e el ClBA e Jpuand) (Se; 1
D iy lall
-19-

sagdy.x=1 il Jyn 598 Al sha o 0 L0 o Alis Ja
s dadt 1 ol Cal

(x* -2x+2)y"+2(x-1)y'=0

=1, yh=2<
T

2(x-1 _ 2(x-1)
x2-2x+2 (x-1)*+1

: Jad
P(x)= L

» Qx)=0

—n - X =1 akidd Jull,y . x =1 sie bl O(x) ¢ P(x) ) goial gy
il Gl Gl aly L X =1 568 Allida sl e Jall (e dle dais
13 P(x)=c0 f gresial gy X = 1 Lplall ddaiill 53 jiia Aai ol 3 g oyl
Ll Uy gludia o it bl iy x =127 SSHY @l (x-1)2 =-1 g8

R,o=1058 ¢l Loy, saa gl (5 sk aall 138 iy . x =1 2daidll e
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D dadi i Lo Jguaall

e A e g x =141 Gyl Gyl oo x =1 dkidl Y slaadl Jin
a & d_d
dc’ dt* T de dt

ol Jall 38 Aked Jy5is
[e+17 =20+ +2p"+207 =0
@ +D)y"+2'=0 P
1558 Aluludia 3 gua o Jall it Y Al oY @AY S

yO =Y a,t" =y ()= na " = y"(1)= n(n-a, "’

P le Jrand dgplitall 3 gaall areaty Aalaall (A iy pailly
> n(n+ha, "+ n(n-Na,t"? =0
Jelaall 138 (s obui 3 n > n+2 (Sl g ganall A& i 7 Jalaa colaaald
1S Al e Juaadl iually
n(n+a, +(n+1)(n+2)a,,, =0

n
n+2

a, ,n20 PO

an+2

289



n=0 a,=0=a,=a,=0a3 = ..cc........ =0
1
n=1 : a, —ga,
3 1
n=3 as ——-S—a3 —+~5—a1
5 1
n=>5 —-—a;=-—-d
a, 7a5 -

1,

15 15 .
HDN=a +a,(——t"+—t ——1 +...... c o
y() 0 l( 3 5 7 ) =

s

9l

padadl Jsal ediu @) a, Guksal) il ol
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Y& =afl- =17 +x=1) = (x =1+ ) = 4, L .
w T

oY

s Al 44,
Al uie sl e Al Aloleall a i 0 LAgle Akiix =1 of Ly
cx =1 ol dbii Jsa sl
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(n)
»(x) = Z—y—n,i)(x ~1y

Jeanid y® (1) AN W . M =2, yA)=1 il Jsal oe i
V4

vy =1 S sl Asleddl (B Aol D gal e pasas 1 L LS Lggle

L ym=2
T

(1=2x1+2)y"() =20 -1 % = y"1) =0
T

: slhmall dlalaall Jialas
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1=2+2)p"()+(2-2)y"(1)+ 20 -1)y"M)+2y'A)=0  : o
y"()y=-2y'1)=-8/x : A

s—ay YN =0 ¢f anid dayd N Akl Je Jgeasdl Duiy 5 a0 5 e Jualis
O3l .o 1885 YO (1) = 96/7 o aaib walall dA e Jgaall 54l
ted Jall ks Aluluia

P =14+ o) e D=1 2 (=1
.4 3z Sz

UL PO DUIIPIC R DI B
—1+”[(x D=0 L=l }

3gaall o le dah Jguandl Ui 13 dal 05S5 ok Aldudie 4y 5k of ol 5
Lladl 3 gaadl s G 13 J gt LSt Abuduciall (e Y1
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rA AN
le—la oSy y @6&,«1‘ el e Aphad Adlaa oo Jall 48 Llalish dslaal
! e Juandd 5aliadll (3 il

y(x)=A+Btan"' (x-1)

iAol Jlsal cand euas all
4.
y(x)=1+—tan "' (x-1)
(4
osli e Sie gl x=1 Jsa tan”'(x—1) Wl ks o Sha of g ey
: . t=0 Je tan™' ¢t WA
tan” =t =1t ot =2t o, i <1
3 5 7
riladiall e lasll Abalidl) Uslaall Jaal Al 3 il ja i (Say g -5

y'+ P(x)y" + Q(x)y = R(x) )

2 4
JS o x=x, Wil yie Alad Jiga . R(E) ¢ O(x) ¢ P(x) Jisll il 13
3¢ X=X, sie Lliat 06S (1) duilaiall pe dghall Alialial dalaall Ja

i geall o (x-x,) A s Uuduiiag alia Ul oSy

(7) y=Ya,(x-x,)"

292



A aii ol x = x Agalall Akl (G Adlsall (g gy R, >0 i b Caay
A e R(x) , Q) , P(x) Jsl e sl laxie ()9S5 ke

AN g Jagay el poe ailapial) Alblaal) Jag Ailaiall il ghaill i g
Blaline & (x=x,) b o8 Auluiasba o gaM) Gl 4 R(x) Aliadd
Ol e Agplltal (x-x,) il COlelas

o ygmall o plall Jall 1 5S0s

(8) y(x)=ayy,(x)+a,y,(x) + y,(x)

cpal—a da 4 yi(x) ¢ oalsiadl dall 4y, (%) = a0y (x) +a,y,(x) s
: ,;“ﬂ‘ d\.h]\ Sl c:-'a;,u

_0_ >
b dulida sl Jo x =0 Joa 4000 Aglalish dlaal Ja

yﬂ—xyl — e-.\'
-: Jadl
N R :
P(r)=-x , QW) =0, RE)=e™ =Y Lo
n= n

e Jall 05 el Je g, x=0 Leb b x af es die 4didad J1 50 LS,
POl . X ad pead Gl (o 8 Aluluie sha

yx)=Yax" =y =Y nax" =y =3 nn-a,x"’

293



i sl Juani SUaaall Aalaall 8 Gy pailly

Z n(n—-1a,x"? - xz na,x"" = Z (—’:!)n x"

D> n(n-Da,x"? - na,x" =Z(-’:')nx” 4

Cx=0 Jea yslo Aludidiay 7 Allal Whe Wl daady,
djy‘t_}—d-?ﬂ-‘“;én‘—)n'f'z oaid amg 3 g b shall o x" Jalaa 8l gluse
ble duasit ) Gl

(-D)"

(n+2)n+Na,,,-na, = :
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SN (e 2y S Aiall 550

a,., = i a, + ) nzo
(n+2)n+1) (n+2)(n+1)(n)
! gda g
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2 2
n=1 R a3=__.1_a{__l_.=g]__l
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P elaS dall o8y

=ay+ax+—x’ +(Z - +=xt + (- —)xt + ...
e R O AT
= a0+al|:x+—x3+—1—x5+... +——x2——-x3+lx4—-x5+
40 2 8" 73

Lals M Jiai 581 ALl Leiy Gaitaiall Jall 58 {2} Cypunsh o kel

! mAlain 33yt Al it (st e o bislislt (o Jmrd| 3 TX
Solutions in Frobenius series about a Regular Singular Point

J o Ausilaiall At Aboalith Aslaall M (5 i) Abudiie el Y

Juaidl Jsm Aolaadl o3a Aluludiall 038 (38a3 ¥ Sy Aeliiiall 33 jiiall Lok (gaa)

Jpaed g Al uduia slga o Jall dlay o Uiad 0 g ¢ Laidll 038

S UL D= U NN E FNPY RYRPE RN W FPRF- E TN

A dandl (5 il ALl iy g Aaliiiall 3l Akl ga Aglialinll Aaleall
- (Frobenius Series) nsu s b aluluy

_;_ "l !0:
:dgdasdl dlialinll Alabeall dadiiie 33 yite ddads x = x;, uilS 1Y)

9) Lly)=y"+ P(x)y' +Q(x)y =0
t Aol o3 (pagrin g b Abidiiie 3y g o 2aly Ja S o s g alli

(10) ¥(x)= (x—xo)“‘Za,,(x—x,,)"
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O<|x—=x,| <R, Jadl e i liie ¥ a,(x~x,)" of Cua
DOk all
P Omad p 3ty 48 4 kil sy
(10) 55300l 5a Ma (9) Aslaall (55 Lelal (3a A o6 o -1
a, <Dllaadl ) Sl dagal) -2
Zan(x—xo)" bl s caay -3
iw&.&;é\bj,x:x‘,:() HE.\MMJ!LEUM@}M
¢ el el a1 Aglany Ll ) glaall Jini 30 _jdiall ddadill clBlasy)

X =x-x, (i)

X =0 52 aiall adaiill o) Sid
olllall o3 L A adsiie 5o il A dady X = 0 Uall Wyl G il e

(35— (lulutia) Lagliias (Say Moy x =0 xie Glda3 x’Q(x) , xP(x)
Pl e

@)=Y p,x" , x*Q(x)=) q,x" (i)

il e sraal R CSHy L L e ol sl glilubuaadl ot
:M‘y')&aﬂa\&«ﬂo‘u@)ﬂ

y(x)=x"~ Za,,x" (iii)

.dda, ., a,,a ,%,a, 20 Cus
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P ASAl e dall iy (Sa

y = i anxn+oc
n=0
Paad iYL,
y:=z(n+ (x)anxnw:—l

"= (n+ ) (n+ oc ~a, x"3
y n

L[ y] = Z(n+ o)+ oc —Da x" 7 + x"‘[z p”x”IZ(n+ oc)anx"+°°'2]

+x'2[2q,,x"12anx"+°‘]=0
e Jumn Al X (g8 3p0n gaant b DLl Gjein ilee sl

[OC (c =D+ p, +4, ]aox«-z
+ i {(n+ o)(n+ < —-1)a, + i[(oc +m)p, . +4,.. B, }xn-o-oc_z ~0 (iv)

n=| m=0
: Ol a5 Jllyy x 3 ddlisal (g gill CiDlalaa p3n Latic (i o3

[oc (e ~1)+ o py, + g, Ja, =0 (v)

(n+ OC)(rH“ o —1)0" = —Z":[(x +m)pn—m t9nm }lm (Vi)

m=0
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;e (V) A 03 . Liah @y %0 of Cuny
P
< (¢ =1)+oc py+g, =0 (vii)
oc? ~(1~ py) < +g, =0

Ailalill 3 lalaall (Indicial Equation) da—u¥! dslaally A0all 0da (cani g
o Al o3¢) Lagac g ¢ oc 1 & 2l dn 3l e iDle a5 Slandl
QX)) 5 P(x) ol patlas ANy @l gy, 0y A3 Lagiseed oSy oy,
o, 2, gl o, s SV ) j3adl o Ll finiug

b Al Ay ) S dagall  daxtd (Vid) AN U

[(3+ <X+ o =1) + (n+ ), + ¢, ], + Za [ +m)p,_ + 4,0 ]=0
; n21 (viii)
t 5y gall o 4l (Say g, Jalea o (58 Apall 034 Japuiily
(n+ <)+ < =1)+ (n+ <)p, + g, =nfn+2 < ~(1- B)]
tliad Al Aaladll (o Luyaly Al Aabeall L) cpay 330 @l
o<, +x,=1-p,

nn+20c—oc, —cc,) DS e Sy g, Jelaa )
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SJ}A\QAD%J‘JQ‘M‘@J"A&\JJ

n-1
rn+20c—~oc, —oc,)a, + Zam [(oc +m)p,,_m + q,,_,,,] =0 (viii)

m=0

sall o adl oo Jy oo, JS aadad Al G5 Jal) clalaa e Jganlly

;4 S
n-1
n(n+ Xy =Xy )an + zam [(Ocl +m)pn—m + 9p-m ]= 0 (iX)
m=0
OCI—OC2=5 (X)&nb},u
31 Jall Ay Sl Al e
n-1
n(n+8)a, +3 a, [, +m)p, , +4,.,]=0 (xi)
m=0

,a,a; COldaall G dghad WD a5
¥ Jall A liia o Jeasd g siall dall (F gl & ¢ g, AN
g e Ll Y1 oAl LAy line calS 13 V) el B Y Aluliall o38 oS
<R, dal e gl e g, PG| Al of e
ag e ded K oS Jladdl 138 8 525000 A (ludididl) cyila (e JSI (6
P rSR, G xf<r Jadd) (B ofadl ol e sl

s oilubaad 2l
XP(x)=p, + p,x+ Pyx’ + o -
2 2 (xii)
xQX)=q, + 4, X+ g,xX" F i
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b asd 3 gaadl dillall ol 32y

x"|+...

Pl <|po] + (o +1psx?|+ -+ o]

Q) < g + [ x| + a2 [+ o +l.|

K K .
Ipnisr_,. , |qn'5;: ;s

12 (Xii1) ADLlly Gy gatll 9 4y ) ,SE dapall 3 gaad dillaall pal _,;LJ

K

n(n+6)a,|< "Z_i|am (o<, +m +1) (xiv)
m=0

r

DA (3iad b, LgDlelee dluluda Laf 13,

n-1
n(n+8)b, =Y b, (x, +m+1) Ifm

n
m=0 r

(xv)

P oSSy
b, 2|a,,|

P b” iy DA u%_)‘_)ﬂ\m* ‘C_\:\;

n(n+8)b, = (n-1fn-1+6)0, Kt )b, ,
r r
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:g.la.‘.‘;fﬁ\,

b, _ (n—l)(n—1+5)+K(n+°Cl)

b, n(n+o6)r n(n+6)r
o
. b, 1 .
lim —*- =~ (xvi)
n—rw r .

lya S Aluludall colis b s of (g
S=anx"

N Y SRR

il Ll i il y L 3y ik D a,x" duidl Y |a,| < b, o Ly

Sl e &y liie Aluduidll 3 R, s gt o ial a1 o gy 1 e il

Slsaadl Alaall o (gaa] Lye 8 S5 gy [ < R,

yi(x)=x™ Zan("cl )x" (xvii)

to Ja oo, JS Al Sl dapall A pagas A Jall e U
n-1

n(n-38)a, + Y.a,lm+oc,)p,p +q,n]=0 (xviii)
m=0

& Os—S AS5 maaa e e § (S (LW Aty CVLa SO Spai Liny
Clagiae § oS R lagaaa (e

toc, —oc,= & # Positive Integer pumua s 332 § 1M Uay

o ol Lssmia 13a o (g5l Y dagy Y1 Alslaal |30 alisy ¢ Allall o3a 4

¢, —oc, =4 # Positive Integer

301



Gl Al litie o ai e Jall dluludia oo, ¥ 3l kil Allall oda
:JJ‘Y\
¥, (x)=x a,(c,)x" (xix)

O @Sar ¥ g il oY p(x) Jad e Llad Sl p, (x) ol of el
cot, —oc,= & # Integer Jaall (3ias Wil J a1 e Jla (sl Wl 5 bt
o, —oc,=8 =N muaade § - 4l dlal)

. n<8 Ll (xviii) 1S3l Aapeall 3 g, Jalne paniy ¥ Dlall 036
10dlla ai n=6 laie (Sl

Ly g

i et Gy gl Waic 5 Lagdna Sl Aageall (0 aall 68 o
Ablaall SO Jall Je Juans ollhy g Ll ay ol il 48 a0 gi g | e L lia
slagipil

Gsle a; sl Ladic g agiaa Al S Lipall 0N a1 058 o
e Gala 1> 8 dal (e g, bl A g iy AU
& sl e Al uluie S e Joall Lia i ol iy 1a L
JSAN 13 e B Ja e Yy bl y=xT D a,x"

Ppy e pala Ja b jme ey sl 3550 aianl ol SB1 Jal) 28 el

Y = x& Zan(«:’)xn

n=0

(b LS A b it el gy

y=yZ
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¢ Abalill Asleall ppad

2 [
d Z +[2&+P(x)]iz—=0
dx Y dx

e-jp(x)dx
Z=A+BI—-—-2—dx
B4

oa Ablaall Wl Jallé Sl
y= Ay, (x)+ By,(x)

- J'P(x)dv

e
¥y =3 (%) [——=—dx
2
: Al ghall o Jall 13 JS3 4 ray JalSH 138 o] Y
tod) Al Asleall | 3a o0y, of L

o, +oc,=1-p,

o, —c,=8

P0=1+5—2°C; :OS;‘A'&AJ
~[Pix)ax - gy + Pt )—
e Jre =e J ! P
dx
- dx - )Qe=1=8)— — |(p+pyxt.... dx
e Ig(x) —e j ! e I(Pl"‘Pz-"‘*’ ) :Ji
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xel-l—a.e‘I(Pl“'sz*' --------- )ex

2, —1-5 - j(p|+pzx+ ........... Ydx

x2 [Za (oc, )x” ]2

:cﬁd'\‘,.\n‘\.‘ﬁﬁ\_)m"b

=0 J‘x

X
=0 g$+5)dx

- I(P. +PpX e Ydx
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oo LS oSa il . i g, #0 oY x = 0 4l sie b3 Ay

1 8 Aadudia JSi
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1 >
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t A Jall aad yay gailly

3 [+ Y g
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Sy Y, oM Inx lelalSty 1 gp n=0laic g, cllales of LilasY 13
X

: JSA Jde
< g -5 - 8 -5
y2=y1[§n~5x +gnlnlxi+n§+ln_5x j]
V, =gsy,(x) lnlxI + x*2 ch (cc, )x" (xx)
n=0

s ol BB e ga s Infx| sadl e (g ging S Jall o s WS Lsay
.x=0

1L ¢ gy # 0l s 1Y Infx| o (55ay SO Jadl of @lld e ity
Aluluie JS3 e dall (55 i Infx| o s Y Jald 85 =0 ik
A Sl Bpall B o Jy e, Gy gl gle Juaas

A d iy da g yiall Aadidd) (S8 Jawy ¥ Jalld dagane e g, il 1Y U
. aiadll 4y jkay B Galall Jall e Gagilaziey . Injx] e

o, =c, gl o ~oc,=8=0 s ASMAN Al
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1
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e Gl e y,(x) i da le Juasi Cyay Jall L st e 2 Y
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(iv) AUl Y sl 5 gmis

Lb)]: [oc (c-D+oxp, +q, ]aox“'2 +

5 ior dos -, + Sl sm s+ 4o = <0

n=1 m=0

o o5 B ghunall ] hally x5 G Jalaa 3l sbue i () 1oa

oo Juantd ™! 400N 5 gl 8 glusay fan [ A Aloladll
a =- o a, = Fi(x)a,
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= a5 01,0, ANy g, o daass jhally x% 5l Jalae B gl
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Ple deana Jullyy

L0 = Lyt eyl (e = p, + 4,1
Lb)(x’ OC)] = aD (oc2 +(po - 1) o« +qo )xOC—Z J‘
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P sl e (xxi)

L[y(x,oc)] = (o — ¢, )2 gpx ™ (xxii)
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o= a, =1 p—ny . L[y]=0 ladll @iny y,(x) L3l da e oV Gap
Y0ne) of Sl o oo ) Aty L e e lall Jualis g (xxif) Alstadd
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