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‘_,'r:_l‘_j.n.callj.tll f[_"f]=_"f] —bx+8 4 ”I.J_u'lu.l.'t_l.d.a 0 I jj*-“ 'run_‘:,}..a;lll FE Y .J_"i.nl HL | Jﬂi
el ] ps il plalis b

S e
¥ —6x+8=0
IE—6I+3=U<:>[_T—E][_T—4]=U*:::&_T=237 x=4 Lt

Jol=mill gus eyl Glls ety X =4 x=2 e Sl jeoll ol alady (03]

b L o A daliall ol MLy [2,4] 50a 2 x @3 Jss Uaf e f(2) SO Lt (55

——&i+ Sx\l
3 2

) B

4

£—3(41 3[4}1— 2—3—3[21 8[21\}
3 J 3 )

4
A:J[r —6r+81:1r
’

= %—48+32}—(§—]2 ]6\‘—|64 48 8+]2|—‘E—E‘ ‘——‘—%Sqwreumts
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9 €A gl At i 8 A8 Ry duny 85T ALondd]) o) 7

niall (3 seanall dalisall 4l (o ymy s 300 Saill 5 dpnigh) ikl e LIS & o) JalSill iy
38 slag) Camaay la¥) (e 88 ol sl ik gl il G dalal ol ) ) sl
o Gy Jatd aled Laif g da glaa e A L )5Sy Al Vsl 8 Aala 485 peall Abdail) (3 dally ol
Lol die eSSl 4l Alasa 4t (e Lgale Jans Al ol )l o dabiaad) L&l sy 2ie A1)
zeabaiil) B 38 o A )8 5 ) sean zlusad) dlag) gaaall a5k ) el Al 28 8 i
Bacll y o jaiall 4l Bacld J 4l Cua Apaaall (3 kall oda (p amy JlE ¢ Jal) 12a & AEAl & gllal)

T o) JalSi g () suians

Simple Trapezoidal Rule e R

O Jaal ) asiisal) Jasl) cant daliaally f(x) Al Jsie cand A glall daliall cuy jat 38 Hlall s34 a
e iy B A o g x =a x =b s JelSill dilaie 8k vie A e e bl

I3 i gy olial JSE g asfiine Jad ey asiiasal) Tadd) ol 531 A )

N\

Y Arpally (5 6 Cayaall 4l 538 Gl Al o8 B

TN = [ = 2@+ f6)  h=b-a
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Stmplle Simpsomn®s Rule Do) &y prusncs 318 97

nie Cnddaludly f(x) Al aie o A sllaal) daliall apdi Gulad e () saan 3ac 8
Glb ria gy bl JSAN 5 4l Dl (e 433 gaa

‘/x%/

SULI) = [LF G0 = (i) + 41 (o) + ()

5 — X2 X0 :b—a

2 2

2 (1) Jéa

Al JS 8 Uadl) vl 5 dapl () s 3308 5 ddaadl Cojaiall 40d 20 aladiuly A daludll aa

A= f(x3 — 2X* + 7X—D5).dx

:Jad)
Coyaiall 4sd 33016 alasiuly (1
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A=g(f(a)+f(b))
h=b—-a=3-1=2
Az%(f(1)+ f(3)) =1+ 25 = 26
O grnans 3acl8 )il (2

X, =1 X, =2 X, =3

f(x)=1 f(x)=9 f(x,)=25

A=%(f(x0)+4f(xl)+ f(x,))

:%(f(1)+4f(2)+f(3))
:1(1+4><9+25)=20E
3 3
Lﬁjm,-bw‘dé-“
x* x® x> 2
fe ——2X—+7x—_5X3:20_
Ava =[5 = 2%+ T == 5x]] = 207
6 sy lxall Unall (ld anle
Eiop = 26— 20g = 51
3 3
Ei, =26-26=0

[Brror Bstimates o) i85 1 _9-7

AV AL o ey Uadl) it 8 Aaviad) o jaial) 4l sac W Al

—h

3
S 10 ce(xn)

E, =

A Al G ey el 5008 8 Aase) () gusrans sac 18] Auaally W
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—h
E, =%f(‘”(c) C e (X,%)

Composite [mtegration Formulss 4.8 o) ol 3=7

iy ) JalSill 5 5 ands Lold Aapend) () s a5 o jaiall 40l drpea Gk (e gl Uadl) Julid
e anti ) Sl Baadail) (e Al Apall g 3o e 43 3a 5 58 S e JalSill drpa (Gukai 5yl
A al) sl

Composite Trapezoidal Rule o S 1) 8 il Aot ool AT

Jalill Ay i) Lol Ay

" £ (x).0x

sl 88 IS J gl e il il e M 22 ) [3,b] oihadill 5 Ssiall (3 ) peanal) Aaliall sy o 685
Al e g oliaf 5 2 P78 ey
M

y=fx)
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aialise Cloa (Say s Copaiall 4 e Ly 8 SIS 2l dsy 5 A 72 3l (e dae sl 138 (e iy

f(x)+ f(X.,) < h

AR 2

@\)ﬂ\@a}b@dwxza X=Db W\}M\uﬁo)}mﬂ\%}ﬂ\M\&w\

4491 Al A6 bl i

[ f0ax=D"A

=1

P ) daally Co ey Sl Capaiall 4l (58 (lé adle

AL —1

h
T(fm) = f@de = L@+ f(B)+h3 f(x)]

X, =a+Iih 1=0123,.....M Xx,=a Xy, =Db

)l 2ae ) LalSE Jiaiall ad dalical) and (pe 43Ul ) 8l dae e aatad JalSil) Aol 43 )
A8y Gl sadl 2l

2 (2) Jua

Sl lay S il Cojaiall 4nd 3ac 18 2230

3
L (X° —2Xx* + 7x —5).dx
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b ey,

M =4 (2 M =2 (1
:Jall
M=22a (1
[ 1 00.dx = DIF () + F0) +h > £ 0]
h— b—a _3-1 _q
2 2
f f(x).dx = %[f(1)+ f(3)+2x f(2)]
2%[1+25+2><9]:22
M =4 s (2
f f(x).dx ~ g[f (%) + F(x)+2[F(x)+ F(X)+ f(x)]]
ho3-1t_1
4 2
A, :1/72[f(1)+ fR+2[f1.5)+ f(2)+ f(2.5]]=21
2 (3) Jua

1
O e 4By 2 < x <4 dun (1+X)5 uuﬂéqmd‘\sﬂ\g._,w:%s)ﬂ\qﬁgﬁs\@amuem)

:Jad)

e Jani ) dlimge 135 2<x<4 5 h=2 ol a3 1))
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X 2 4
f(x) | 1.73 | 2.24

e Jiani Capaiall 4l Bac B (8 iy sailly
h 1
T(f,h) = E(f (X,)+ f(x)) = 5(1.73+2.24) =3.97
e Jani 2<x<4 358l h=1 ol Lua i 13l

X 2 3 4
f(x)| 1.73 | 20 | 2.24

ol ot B 1 G paiall 4 530l 3 imy il 5

T(f,h) :g(f(x0)+2>< f(x)+ f(x,)) :%(1.73+2><2+2.24) ~3.985

Sle Jani 2 < x <4358l h=05 o a3 13l

X 2 | 25| 3 3.5 4

f(X) 2731187 20 | 212 | 224

o diani 408 il b il 4l acl8 (8 g gilly

T(f,h) =g(f(x0)+2>< f(x)+2x fF(x,)+2x f(x)+ f(x,))

T(f,h) =%x%[1.73+2><1.187+2><2+2><2.12+2.24] =3.988

SV oLl Jsandl 8 aill 228 aua s San g
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h T(f.,h)

2 3.97

1 3.985
0.5 3.988
0.25 3.989

- (4) Jéa

Glapdill 20 34 1< X <6 Cun f(x) = 2+5in(24/x) Aall JalSi alayy b jaiall 4l 5aed aadiu)
s 11 (M =10 of &)

:Jad)

Ol Gkt
T(f,h) :g(f(a)-l- f(b))+hMZ_:1f(xk)

T(f,h)=1/72(f(1)+ f(6)+%(f(g)+ f(2)+ f(g)+ f(3)+...

7 9 11
+f(E)+f(4)+f(§)+f(?))

T(f,h)= %(2.90929743 +1.01735756) + %(2.63815764 +2.30807174 +

1.97931647 +1.68305284 +1.43530410 +1.24319750 +

1.02872220 +1.000024140)

_ 1 (3.92665499) + %(14.42438165)

4
=0.98166375+ 7.21219083 = 8.99385457 = 8.9385457
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sans 2 A o) duti BoclB B bS] 88 57

Brror lEStimatesin Composite Trapezoidal Rule

Y1) A8l A yall (o jaiall 4 Aapaa 8 Undll 008 (i yay

—h? .
Et:f(b—a)f (c) C e (X, %)

o yaiall 4 A8 oy il sl Jadll 5 niall s ) seanall dalial) Jiay Uasll 13

Composite Simpsomn’s Rule Lo 5 e BBl 6=

daluall 23l lSe adal isie ddassd g D) (pe Jalds 506 S day ) () A8 phall o288 sl 138 ity
4l Ayl 8 LS A e gl g il Jlexin e Yoy JalSall dal (o @€ S adadll cas
aoaiall 4nd A8 e (e ST ABY JalSHl A asd o 5 Cajaiall

c= 30 il (ab) bl Caai Al s ¢ S 1Y
. : :

S(f,h)=j:)f(x).dx:b_Ta[f(a)+4f(c)+f(b)] @y

Ll xie f(x) Al s JaSill (a,b) 358 ok e G il AR phay JalSill Sag) o
X=a, X=c¢, XxX=Db

(1) Abeadl 8

 (5) Jia

Al .l L T
X 6 7 8 3 5
f(x) 1| 1.25| 15| 1.75 2

[ £ (x).0x

1
JalSall Ay 55 A Sy X =L X=15X=2 L) vic 2Nl a5 ) gusans Bacli andin (1

-:-‘%Ji
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X=1x=125x=15x=175x=2 Bl sl (1) 5580 S (2

:Jadl

8_dl) Aglay ddass) Jalaal) aie Alall ad g3 5l Jsda (e an g2ill (1
role Jeani a8 X =2 5 yidl) g ddaiig X =15 5 i) Coatia dlali x=1

[0 (x).dx =b_—a[f (@) +4f(c)+ f(b)]

L f(x)dx—u[f(l)+4f(l 5+ f(2)]

. f()=6 f(L5)=8 f(2)=5

i Of Layg
=] a
J’l f(x)-dx:g[6—|—4><8—|—5]
2 43
] _fl f (x).dx =— -
58 JS e () gunans 522l Gudaty W1D)A52) s i oy i 1) [12] il 5y sy vie (2
e Joan

j:’f(x).dx:b_—a[f(a)+4f(d)+2f(c)+4f(e)+f(b)]
[ f(x )dx_u[f(1)+4f(l25)+2f(15)+4f(175)+f(2)]
o!éf(l)_a (029)=7 fa9=8 1a79)=3 1@=5 5

LZf(x).dx=%[6+4x7+2x8+4x3+5]

2 67
. f(xX).dx = —
[ f00 >

f(x) 1.73 20| 224
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2 (6) Jéa

1

O e i e 383 () sassans Ay ylay 0 < x < 4 3l (14 x)2 Alall JalS3 Cawal
:Jall
e daniAllall 8 Gayaills h =1 JLash
e o Ll 330 TS 1 () osans 3318 3 (i a3l

s(f,h) :2(f(x0)+4f(x1)+ f(x,)) :%(1.73+4><2+2.24) = 3.99

e dran Lol dadd () snsans Bac iy g g2l g h = 0.5 a5 Clalead) ) Sy
X 2 | 25 3 3.5 4
f(x) |1.73| 1.87 2.0 212 | 2.24

&@L@M%ﬂ‘uwi&&@wﬂb}

s(f,h) :1x1(1.73+4><1.87+2><2+4><2.12+2.24) = 3.988
3 2

o Jean Ll dad () snans 328 (8 52l 5 = 0,25 Jlia) s Slleall ) Sy
s(f,h) :%x%(1.73+4><1.8+ 2x1.87+4x1.94+2x2+4%x2.06+

+2x212+4x2.18+2.24) = 3.989

(Y Jsaall 8 4l o3 auia g Sy g

h | s(f,h)
3.99

0.5 3.988

0.25 3.989

danS ) & o BoolB Gunatid,y 8BS 7 _ 7

Al il Jidl) (e 2M 230 ) Leanni 238 58 [a,b] O L
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Ca e 4 ) il ) pussans Aapa 8 el 028 8 x =a+kh k=012,...2M ieahzbzina;

Aaally

h 2h 'S 4h Y
s(f.h)y=—(f@+ fb)+—=D f(x)+—D f(Xx1))
3 3 k=1 3 k=1
2 (7) Jha
Al JalSS alagy () sosans 32c 8 a0d00)
f (x) = 2+sin(2v/x)
1<x<6 L;;hﬁauguiﬂ\mbsllh=bz_—Ma=E=o.5;(M=5chi)

10

hM—l

S(F.) = S(F@+ 1)+ 213 F0)+ 5D (%)
s(f,h):%(f(1)+ f(6)+%(f(2)+ F3)+ f(4)+ F(5)+..
2 3 5 7 9 11
20 1S+ 1 D+ 1+ 1O

s(f,0.5) = %(2.90929743 +1.01735756 +...

%(2.30807174 +1.68305284 +1.24319750 +1.02872220) + ...

2 (2.63815764 +1.97931647 +1.4350410+1.10831775 +1.00024140))

- s(f h) = 2(3.92664599) + ~ (6.26304429) + 2 (8.16133735)
6 3 3

= 0.65444250 + 2.08768143 + 5.44089157 = 8.18301550
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A B & posnce BoelB B sl usds g7

Brror EstimateS In Composite Trapezoidal Rule

AV AL A€ i () susnans ac 8 3 Uasll 50085 (o jay

CE(XO’Xl)

Romiberge [micgration @S

Eomagy dua e 1-9-7

el o J jinty Ciaiall 4nd Ay s e Talaie) alae W) (he Ailia 38 ghian A5 ey el 55
S LA e 555 [a,b] B (B [ F (x) JelSall Ay 5 o8
R(0,0)
R@,0) RQ@L
R(2,00 R(21) R(2,2)
R(3,0) R(3,1) R(3,2) R(3,3)

R((4,0) R(4,1) R(4,2) R(4,3) R(4,4)

R(n,0) R(n,1) R(Nn,2) R(Nn,3) R(n,4) ------ R(n, n)
A8l 4 shmal) L83l adll e Joasts
: (8) Jha
zones) i) s A R(4,3) dad 2a 5l R(3,2) =1 dais R(4,2) = 8 el cuilS 13
:Jall
e deaniz sy JalSE G 5ilE 8 i) Gl
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[R(n,m—-1) — R(h—1,m—-1)]

R(n,m)=R(n,m —1) + 2" 1

R(4.3) = R(4,2) + LR#2) —R(3.2)]

4° -1
Ve
R(43)=8+—=8
63
2 (9) Jua
zomes Al sa 4 R(5,3) dad a5l R(5,2) =12 dadis R(4,2) = —51 e cilS 13|
:Jad)
R(n,m-1) = R(5,2) =12
R(n—1m-1) = R(4,2) = -51
R(5,3) — R(5,2) + [R(512)3_ R(412)]
4° -1
R(53) =12+ 122+ 51]
R(5,3) = 13
«cUaa M

JalSall Ay 8} adll (e de gene Gl () ZUsS = e g ) 4o ) )l oA 0B 48 shnal) (S5 8 (1
Ad ghmall QY 585 J Y1 2 senl) il il o jaiall 40d A8y ylay axall

dua B o daiay 13a JS5 A8 JIS) (68 Ay o) sl 48 shiaall 8 Gpell JLelll (e Leali LIS (2
el 4ai 48 ki Jlaa ) Uaa

R(n,m) e o Sini ol m-1 ) dpenll (g lple Jumnii m o5 3 geall 8 Gy il dedll (3
R(n-1m-1) and R(n,m-1) a8 (e e Juaads
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@J#QQJ 6}/‘9@ 02='@='7

Jalsall alag) (8 (smean A8 yha g o jaiall 408 A4 Hla) il (i Hhall e A5 Hlall sda adiad
b
A= j f (x).dx
a
aad Bacld (Gulai o5 5yl Coani Cuy i) Gauadl s JalSal Y1 Gl Goaiall 4 5ol Jesis s
Y alaall () 5S35 Cpay COLRS A alsad () gussans Bac 8 andii () Sy A e 358 S 8 Cayaiall

il G U5 ) i) (e dadliie lo Juant 13grs Copaiall 4nd 52l g 38 3 daaly )
osllaall JalSl 3 a5y olial JSE 5 [0,1] 5 55 [a,b] Bl (5 m s aaall Cillaal) Jaseast

B
A
_..‘-’"""H’H
£0) I
6 =0 1 1 3
4 2 3
L;%AB j}ﬂuM\MBLGmA&&QJJy\uﬁ)ﬂ\
1
A=Z(HO)+ F@)

wj@}sﬁ&&qﬂ\usm&é#jf(%) g 38l Caats Cu ) 138 sl
Zid CB sl caad Sl Cuaill daluall Cuusiy AC il cand a5 JsY) Caaill daludl AC
1 1
AC = (TO)+ T(2))

1 1
CB=20EE+TM)
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eIl Al gy ) Aol e Jomn gonllys
A, = AC +CB

1 1
=4 (1O +21()+ T D)

AoV 5 grally S5 o (S
1

1
A=A+ T(5)

Jaani Lgia g f(%) and f(%) ad s g L%%O 05538 3 el Caatt A8 5 pa a8l 138 el

Faluaall AN (a0 e Joan Leaany s Al s 31 <l il e Cojaial) 4nd ael Gaukail da s 48
1 1 1 3
= — +—(f(—>)+ (=
A =S A+ (T + 1))

Aalisall ol 1 a8l e Jeani o (S o)) G
A=A+ R+ T+ )+ F)
o o0 Al oS5 (il Cislall 853 s pall ualial) i ) il ) S Alee 8yt
1,%,0 Lataall S Ll 505 S () pussns 52018 Jamiot JiS) 282y JalSil Ao il g iy gusna Ao A
Aalsdl (8 (8 5 Jis S5
B, =%(f(0)+2f(%)+ f (1)) =%

Galiadl) (<58 b i n i Jiad 5 1 0 L 0 Lol Liaraiiad 13)
i

1 Lot a1y - tA A
82—3(f(0)+4f(4)+2f(2)+4f(4)+f(l)) 3
e Janii 44y plall iy
B, = 4A, — A
3

uy\ﬁj\emd\.&.cz)}a.ijcuw&bﬁwyﬂ\wh&né&dm;.\«ﬂlmj
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R(n,m)=R(n,m-1) +

[R(n,m-1)—R(n-1m-1)]

4™ -1
Zomea) s e Joan (3 4 8 4l aren jumg oty
m R(m,0) R(m.1) R(m2) | R(m3) | R(m,4)
Trapezoidal | Simpsons
Rule Rule
0 R(0,0)
1 R(1,0) R(L1)
2 R(2,0) R2,1) R(2,2)
3 R(3,0) R(3,1) R(3,2) R(3,3)
4 R(4,0) R(3,3) R(4,2) R(4,3) R(4,4)
: (10) Jua
) Jalil Ay 5 Aad ala¥ & e s ) JalSS aadin
J. " 4 .dx
01 4+ %~
:Jad)
aadi 3ac 8 423 U583 LaSh 51 0 gandl alagy 5 o3he§ JSEN 818 () 6 7 samey Jsan Gl Allad) o2
SV Gl

R(0,0) =T(f,1) :%(f(0)+ f (1) :%(4+2) =3
1

R(L,0) = T(f 1) =Z(f(0)+2f(%)+ f (1)

1 1 1
= E(R(O’O) + f (E)) = §(3+ 3.2)=31

R(2,0) =T(f 1) = %(R(LO) +%<f <§> ; f(%)»

- %(3.1+ %(3.76471+ 2.56)) = 3.1311
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1 1 1 3 5 7
RGBO)=T(f1D)==—(RRO)+—(f()+f(D)+f(=>)+ f(=
(3,0)=T(f1) 2( (2,0) 4( (8) (8) (8) (8)))
= %(3.13118 + %(3.93846 +3.50685 + 2.87640 + 2.26549))
= 3.13899
R(4,0) = 3.14094
LIS 2SSl G gussans Bac 8 padied D 5 ganll Y
RAD =S(1) = (F©+2F()+ F@)
R(L1) = %(4+ 2x3.2+2) =3.1333
1 1 1 3
R21D)=s(f1)==(f0)+4f(>)+2f(2)+4f(=>)+ (@)
3 4 2 4
R(2,) = %(4+3.76471+ 2x3.2+4x2.56+2) =3.14157

O and gl s Gala
R(3,1) = 3.14159
R(4,1) = 3.14159
O 235 B ) Ay S 5 S 5 Y1 3 sl o Uloand 8 ) 65 V3 5
[R(n,m-1)-R(n-1,m-1)]
4™ -1

R(n,m)=R(n,m-1) +

G 3 gand) Sy

[R(2,1) - R11)]
4?2 —1
[3.14157 + 3.1333]
15
[RGB -R(21)]
42 1

R(2,2) = R(21) +

= 3.14157 + =3.14212

R(3,2) = R(31) +
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R(4,3) = R(4,1) +

R(3,3) = R(3,2) +

R(3,2) = 3.14158 +

[3.314158 — 3.14159]

15

[R(4.1) - REI)]

= 3.14158 +

4% -1
[3.14158 — 3.14159]

15

[R(3,2) = R(2,2)]

4° -1
[3.14159 — 3.314159]

= 3.14159

= 3.14159

&N Sgeall Ll Jgeaally

= 3.14159 + — 3.14158
63
R(4,3) = R(4,2) + [R(4’?3_ ?(3’2)]
= 3.14159 + [3.14159 —3.14159] _ 3.14159
63
R(4,4) = R(4,3) + [R(4’?24_ ?(3’3)]
= 3.14159 + [3.14159 —3.14158] _ 3.14159
255
1Y) JSEL = e dsas 0SSl
m R(m,0) R(m1) R(m,2) R(m,3)
Trapezoidal Simpsons
Rule Rule
3
3.1 3.13333
3.13118 3.14157 3.14212
3.13899 3.14159 3.14159 | 3.14158
3.14094 3.14159 3.14159 | 3.14159 3.14159

1 4
j 7 dx=23.14159

0] + X
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Bumasy SASE B by 3-9-7

[Brror Estimates ImRomberge Integraton

AV A8y o jyay Undlll 085 3 £ e ¢22[a,b] O\S 13
[7f(0.dx = R(j.k) + b2 £ @2 (g,
— R(j,K) + O(h?+2)

cix €[a,b] sk e iy i g h=(b-a)/2 Sus
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&8 ofnnl] o Efasscal)

Gl Jed 'Claal 2 s dad il Qlissll 2 oles cilgaiaall alasiw! Jof o gu
VY L Seki Kowa AL Caple e cosnieinnl cnlsasdl o7 Lot ¢ (gl moylal!
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S el Iadll e Uadl (Centroid) J&l) S e -3

Y IS 3 (3) o Aalgall Glld sy p Adlise cleUad alasiuly @l el La il Jle Joass

IE'L — Efof
ycL = ELE‘FE (3)
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O OSay sliadll 8 Ladll cilelad <ilS W (X, ) (Centroid) J&) S e (e Jsasdl (Say Ul
(2L =L Z ) BEsy) aasing

¢ I A Aaia ge Ay )

JSEN A e 5a LaS s ge platie el (e (aws sl) adadill aat G glladll 1 (1) JUa

B

A
[¢———400 mm 4>{

All dimensions in mm

Cobial (e s LeS LS ¢ Ada JISET 3 ) Sl (SN api a1y Jadl

AB—a straight line
L; = 400 mm, G, (200, 0)

BC—a semicircle

2x150
L, =150 m = 471.24, G, (4?5, > )

Le., G, (475, 92.49)
CD—a straight line

250
Ly = 250; x5 = 400 + 300 + —— cos 30° = 808.25 mm

2
Y, = 125 sin 30 = 62.5 mm
.. Total length L=L;+ L, +L;=1121.24 mm
. Lx = ZL.x; gives
1121.24 x_. = 400 x 200 + 471.24 x 475 + 250 x 808.25
x, = 451.20 mm
Ly, = ZLy; gives

1121.24 y, = 400 x 0 + 471.24 x 95.49 + 250 x 62.5
Y, = 54.07 mm
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SUSAN 3 e sp LS aliiia dllud JE S e apaat cslladl) £ (2) Jlia

D
Ay
/Q .
L
"
\45° CT
G, 200 mm
G1
A 1’ B—Y¥—»k
[« 600 mm >

oLl (e s LS LS ¢ Alany JIKEH 3 ) oSl (S g 2y Jadl

G4(300, 0); G,(600, 100) and G4(600 = 150 cos 45°%; 200 + 150 sin 45°)
Le. (4(493.93, 306.07)
L; = 600 mm, L, = 200 mm, L; = 300 mm
Total length L =600 + 200 + 300 = 1100 mm
= From the eqn. Lx, = ZLx; we get
1100 x, = Lyx; + Lyxy + Lyxy
=600 x 300 + 200 x 600 + 300 x 493.93
x, = 407.44 mm
Now, Ly, =ZLy;
1100 y, = 600 x 0 + 200 x 100 + 300 x 306.07
y, = 101.66 mm
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SUSEN 3 (e 5 LS alitie bl JE S e apaat cslladl) £ (3) Jlia

Zz

r=140

3B

A

. o

¢ ool Jsaall & (pae 8 LS 4 (BA < CB ¢ DC) ¢l 3220 J&ill S ja 5 Jsha Jad)

Portion L X ¥i z
2x100
AB 100r 100 0 .
2x140
BC 140n 0 140 .
cD 300 300 sin 45° 280 + 300 cos 45°
= 49213 0

L =100r + 140w + 300 = 1053.98 mm
From eqn. Lx, = ZL;x;, we get
1053.98 x, = 100t x 100 + 140m x 0 + 300 x 300 sin 45°

x,.=90.19 mm
Similarly, 1053.98 y. = 100w x 0 + 140x x 140 + 300 x 492.13
Y. = 198.50 mm
and 1053.98 z. = 100w x 200 + 1407 2x140 +300x0
T T
z, = 56.17 mm
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Cemtroid of Aren Slsloal) J&5 S 30 3 -9

D XA Z V. A

X="T _y="1T

Shape £3 v Area
. b bh
Triangular area 3 2
Quarter-circular 4r At are
area ar ar 4
. 4r re
Semicircular area 0 W 2
Quarter-elliptical 4da 4b mab
area an an 4
Semielliptical 0 4b mab
area an 2
Semiparabolic 3a 3h 2ah
area 8 5 3
3h 4ah
Parabolic area o = oy
" 3a 3h ah
Parabolic spandrel rull T 3
) | n+l n+l, ah
General spandrel ; h n+2 dn + 2 n+l
o ;'g'r l

« Composite plates %S s daziua

X>W => xW
YDW =>yW
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80 mm

60 mm
b, -

® Compositearea 48 a0 dabliua

X> A=> XA
YY A=> VA

80 mm | o

60 mm x
_L_.
Component A, mm? X, mm ¥, mm XA, mm? JA, mm?
Rectangle (120)(80) = 9.6 x 10° 60 40 +576 x 10° +384 x 10°
Triangle 1(120)(60) = 3.6 x 10° 40 -20 +144 x 10° -72 x 10°
Semicircle 1m(60)* = 5.655 x 10° 60 105.46 +339.3 x 10° +596.4 x 10°
Circle — (402 = —5.027 x 10°> | 60 80 —301.6 x 10° —402.2 x 10°

A =13.828 x 10° XA = +757.7 x 10° | ZyA = +506.2 x 10°

Q, = +506.2x10°mm°
Q, =+757.7x10°mm’
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2T _ +757.7x10° mm>
>4 13.828x10°mm?

X =54 8mm

I ¥ =3.6mm

p_Xy4_ +506.2x10°mm>
>4 13.828x10°mm*

Y =36.6 mm

Determimation of Cemtroids by [ntegration JASalL J&) S yeale) 59

» Double integration to find the first moment may be avoided by defining dA as a
thin rectangle or strip.

s b LaS 9330 JalSi aladiialy J ) ajadl gl Ay o
XA = [ xdA = [[ xdxdy = | X dA
yA=[ydA = [[ydxdy = [ yo dA

P(x, y) Y

XA = [ Xg  dA XA = | Xo dA
= [ x(ydx)
YA = j Yel dA

= [ (ydx)
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¢ Y JSED 8 dabuall J8 S e aa 5l JalSi aladialy (5) Jlia

Determine by direct integration the location of the centroid of a parabolic

spandrel.

SOLUTION:

® Determine the constant k.

e Evaluate the total area.

* Using either vertical or horizontal strips,
perform a single integration to find the

y =kx2

first moments. X
- 1 -
¢ Evaluate the centroid coordinates.
: )
y sy - .
Kk ol dad aa
y=kx2
-
I y=kx*
b
o
| b=ka® =k="
x a”
|
il il
-}- — —xs ﬂr x — 1 5 Jf.']'fs
y 7 b <
LN Aalisall
4=[dA
a
ap b x°
=[yde=[—=x"de=| —=—
- a - Oa" a- 3 0
_ab
3
Dr. EMAD TOMA BANE KARASH Page 159



a
Q) =[Xgdd=[xydx= jx[i}xz]dr

a

2
|2t e
24| 4

X

Jall S je caldilaal yuass

Yy
y:krg —r_ M:Q}.
\\ b ab_a’b I
| 3 4 T
X
-t i
yA4 =0,
7310 ~ 10
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Cemiroids of Common 3D Shapes S S G )

Shape: 1 | Volume

Hemisphens L I P
] 3 Cone !E- 1 iy
3| 3

Semlellipsoid %l o2
of revoluticn s | 3% Pyraniid b1 Lo
Pasabaloid h
of revolution 3|

¢ ALl JSAll S8 S pe 22 9) : (6) Jlia
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Comp V (mm?®)
Box 8.08x10°
Cylinder 2.26 x10°
Rod 17 .67 x10°
Sphere 0.524x10°
Total 10.88x10°

AE RS
mim

X (mm)

0
185
0
0

1 in. diam.

111 IV

Dr. EMAD TOMA BANE KARASH

y (mm) z (mm)
0 0
0 0
175 0
275 0

V= 7 =13.52 mm
’ Zv:]y
E:Z“'z" Z=0mm
2V

¢ ALl JSAll 8 S pa 229 2 (7) Jlia

O3 & same 55 G S pall (A 015 sY) a5 30 & sane

¢l Y s

XSW=SxW ISW=S3W ZSW=YzW

:\.A.u:llA.IAS. it ‘ (‘u.n.am

XSV=SxV YSV=S3V ZSV=Y2zV
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OS5 Gl e 3aY) dae ) aall ¢ 3a

21in.

2 in.

1 in. diam.

I11 Y

1 in. diam.
V. in? X, in. ¥. in. Z,in. %V, in® yV, in* ZV, in*
| (4.5)(2)(0.5) = 4.5 0.25 -1 225 1.125 —4.5 10,125
11 w(2)30.5) = 1.571 1.3488 | —0.8488 | 025 2,118 =1.333 0.3?3
111 —w(0.5%0.5) = —0.3927 | 0.25 =1 3.5 —0.098 0.393 =1.374
IV | —wi0.5205) = —0.3927 | 0.25 -1 1.5 —0.088 0.393 —0.589
IV = 5.286 TFV =3.048 | SyV = —5047 | 22V =85555
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v, in? X, in. ¥, in. Z,in. *V, in* ¥V, in* ZV, int
| (4.3)(2)(0.3) = 4.5 0.25 -1 2.25 1.125 —-4.5 10,125
I Iw{2)3(0.5) = 1.571 1.3488 | —0.8488 | 025 2.119 —1.333 0.393
1 | —«{0.5205 = —0.3927 | 0.25 -1 3.5 —0.088 0.393 —1.374
v | —#(053%0.5) = —03927 | 0.25 -1 15 —0.008 0.393 —0.589
3V = 5.286 STV =3048 | ZHV = -5047 | 22V =83555

X=Yxr/5v =[.08in*)/[52861n°)
X =0.5771n.|

F=SyV/SV =(-5047in*)/5.286in°)
¥ =0.577in|

Z=xzv/5v =L618in* /(5286 in°)
Z =0.577in|

Summary

= Centroid, CM and CG are centers of geometry, mass and gravity.
= Centroid and CM coincide if the density p is constant.
= CM and CG coincide if g is constant.

= Calculation by moment
= Integration

= Composite body

= Pappus theorems for bodies generated by revolutions
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48 glon de o0 48] T_ @

¢ i) JSall b LS ailaie dlld JE S 5e cpe (8) Jlia

segment L (mm) x(mm) y(mm) xL (mm?)  ypL (mm?)
AB 600 300 0 18x10* 0
BC 650 300 125 19.5x10*  8.125x10*
CA 250 0 125 0 3.125x10*
z 1500 37.5x10*  11.25x10*
X=ZXZxL/L =375x10*/1500 = 250 mm
Y=2ZyL/L = 11.25x10*"/1500 = 75 mm
£5Y) JCa 8 clabiaall JE S 5 oo () Jlia
y Ly y y
dry
ry = 60 mm £l mum E‘ﬁl‘!ﬁ " rl_..= m,mm rp =40l mm
ry = 40 mm - + - + \\;z’f_-“ - (_ 7
L m_j”: 105.46 mn m% 50 1
,?;{:%_i:ﬂ L T | -
T x ,ﬁ% x L_. I ] T
-0 im B0 mm B G0
A(mm’) x(mm) y(mm) xd(mm’) yA(mm?)
I 9.6 x 10° 60 40 576 x 10° 384 x 10°
11 3.6x10° 40 -20 144 x 100 -72x10°
I 5.655x10° 60 105.46 393.3x10° 596.4x10°
IV -5.027x10° 60 80 -301.6x10° -402.2x10°
Z 13.828 x 10° 757.7x 10° 5062 x 10°
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locate the centroid of the body

%{ﬂ] mm) = 225 mm

€Y SN 8 o saall JEI S e 32 5) (10) Jia

component volume, mm? X, mm x ¥V, mm3
S chuad 1 4n
hemisphere — — (6{})3 =0.4524 x 10% -22.5 -10.18 x 10°
L) gl 2 3
L cylinder 7 60°x 100=1.131x 10% 50 56.55x 10°
954
cone -5 608 x 100=-0377 x 10° 75 -28.28x 10°
z 1.206 x 10° 18.09 x 10°
X = 1809x10°/1.206x 10° = 15 mm
Y¥=42=0 by symmetry

AT,

) IS (8 o ganll JEI S e 2a ) (11) JUia

S st s G Bl S je (A AN Gl a e S
S el o132V Ol sl s e g sane

_ > N ﬁf XSW=5W TSW=S3W ZSW=Y:zW

o | -
-~ N ".5.
4 578 s / ~
- ol
_!/' |--'":-
| T 25 mm
- |‘,-"';l'.|||||||
“u =
'-:_'_-'2.'!!1|||||

112 mm

50 mim

o |12 mm

0.0 m diam.

+ W
H{ ) 1

filavial) aluad VIS () 55,

FZV;ZPV ZYV=YzV
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LT AR EN RSP PWEN P TN
ganall aniall Leia

12 mm

112 mm
S50 mm
[ ‘_.!‘2 m
0.03 m diam.
0L.03 m
I11 LY

112 mm
? S0 mm
|12 it
+ {ﬁ 0,03 m diarm,
{5 m i \‘

1l v
[ ¥, mm” X, g ¥, mm | Z, m | ¥V, m* v, m’ V. m"
1| 102 % 50 % 12 = 67.2 % 10° 60 | —25 360 |3x107 —15 % 107" 26 1077
I Tx50°%12 = L9A3 = WP 300 =21 |60 [24x 107 —{14 x 107 118 % 107
1||| — o 125w 12 = —A 1S w LY G0 | —25 (870 —0088 = 10T [0 w1077 A [
V| =orx 125" 18 = =4 1415 2 W 06 | =28 |370 | =0488x 107 |0 x w0 =126 % W7
| BV = 63347 = 107 mum EFV = 5024 W [EFV = 1352 107 [E5V = 2528 107

X=Yxr /S =(5.024x107)/(63.347x107)

X= 8x10%m
e T [y = (-13.52x107)/(63.347x10%)

Y=-21x10"m
Yz 3V =(2522%107)/(63.347 %107

% - 4 %107 m
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f S Jal) o Gilaluell Jsill < ja e (12) Jlia

Yy
6a
4\
3 e
& 6a
20 /Y CsNy ’
O Lo
N
¢
1
( Mxi,Myi,Ai’yiy Xl)ﬁgé\:ﬁmjdjhu}&:dd‘
[ X; ¥i Ai ﬂff}_-!. = .I;A; Mx,- = y;ﬂf
8
circular sector 1 0f - Ea 187a> 0 —1444°
triangle 2| —2a 2a 184° —36a’ 36a°
square 3 3a 3a 36a” 108a” 1084’
8 g
circular sector 4|6a — ;‘I 6a — f —9ma?|-54na® + 72a° | -54na’ +724°
y - —|9(r+6)a®| 18(8-3m)a’| 9(8—6m)a’

The x and y coordinates of the mass center C are

N ZX;A,‘ N 2(8—3?1')
T YA, n+6
- nyAf 8—61

: = = —1.186a = —1.186 m.
Ve YA, E+6a a m

a=-0311a=-0.311m,

X,
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¢ alial JSEY) b LS Guilaia cllud JEI S 5e e (1) Jigaa

Given : ¥

.3{ a = 100mm | “
L b = 150mm f _:i

¢ = 50mm {

d = 20mm
1]

—

Answer : (¥ =0 mm);(y = —58.3 mm) Answer : (x = 34.38 mm); (y = 85.83 mm)

¢ slial JISEY) b cilaluaall JE S 50 e (2) Vs

600
mm

4
|
I
|

600

X i

f=— 200 mm =

Answer : (x = 122 mm)

—

Sﬂimn
S e

50 mm 401
ke A

240 — | R

50 mm

Dimensions in millimeters
Answer : (X =92.9 mm); (y = 85.8 mm)
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y
|
|
(<200 mm —~ 200 mm —~~ 150 mm =

3 n‘.

Answer : (¥ =2.73in); (y = 1.42 in)

@
|

[
1
L

Answer : (X = 66.6 mm); (¥ = 308 mm)
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¢ oLl JlKaN Lfﬁ)»ﬂ JEl S e e (3) BIE™

Answer : (x =147 in);(y = 2.68 in) Answer : (x =70mm)

Dimensions in millimeters

Answer : (% = 53.3mm); (¥ = —45.7 mm) z| Answer : <)E 2 R)

Answer : (¥ =62.1mm); (y = 67.7mm); Z=22mm
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Gy gl o 32 110

293 s 0 sl Rigid Body 4slall abuwalyl 4L A Moment Of Inertia "SI ) suadll 2 jc
. Centre of Mass" .18 38 e sa

G5 Rigid Body ) cre Sl Y 5l casts () 5 &Y (I ) gl o s dald sl e Euaall Jid
St ) Aaly 1) il sl Jalasl) oL il 813wy @ll3é ¢ Particle amead) o Las 4t L (il
53 Y Alia alual 4 Rigid Body 4l Dynamic Motion .. &Sabuall 48 jall Uil alua') ae dolall
preal) a8a3 (5 yAl S e ill agl) o galll ) g yma B S e a1 o3gd 5 AS jall e Jad Laslay]
Rigid Body S Geasll 5f zitud) (e dadad jliic] ey Y Diad e g ge 8 Lgie dhaatiin il 4SS
I s Lpan sl e Blanl) LgiSay ¥V 5 38 ) oL Deformation 4 s dlesl (i a5 Lesl qandl
O sl ol Lee i i 5 La yla alal 5uaii ¥ sl e Cylinder 4l shaud o Gas (& 8 )

ALY 0 juia Jaals 4y (5 siasa 51 O A 5l AB Hsna Jon M 4LS apusad [ SN ) el 2 e o jm s
1) ol i) sl Adaiil g ) sadll (e Waamy i se A M

2
| = m.lI (1)

Lo I ail) o he o aadl Cay jatll (e (5 gl 5l ALa i aisdll e m ABSH ey 58 £ Cas
e gl doa sa

Definition: The moment of intertia of a particle of mass m about a line or axis AB is
defined as | = M¢? where / is the distance from the mass to the line.

Note that the moment of inertia is positive amount or zero.
r Z

m(x, ¥, 3)
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sl asre A 3w 0 XY 7 oslaadlde sanae () daills (X, Y, 7) Aaiill die m ALS a2 58
(e (i g ‘—‘ﬁj)ﬂ‘ g_‘,J“— Izz ) Iyy y Ixx JJ‘“)SL’ 0z, 0y, OX JJIA“'“ d};ﬁ“‘éﬂg\j\

— m(y2 + 22),

L 2 2
Iyy_m(x +z), 2

. 2 2
1, = m(x +Yy )
Pt O g el 0 Adkadll Jga apaall SN ) sl a e ) e i

2 2 2
| =m(X“+y +2°) @)
D e Oy (X = 0 ssinall 51) y 07 sl Jsm prall I gl 2 50

l,_,=mx°

(4)

LA e il 7= 0 sy Y= 0 5 siedl) D aseall A poaill Lase Jially

()

Tihe momemnt off inertia of & rgid body Sty el ) G eeetil ng= 0 = 1)

ﬁmu.cz‘)l_!.cW&BJMH&E‘&W‘&M\MM&‘&M&&‘&‘J}.\.ﬁ&l‘e\)&JlA:}y
ws:goxyzJ}u\a‘:w@\gmg(x,y,z)w\mubﬁuﬂ\mhim@dmdﬂj
il e a0z, oy, ox SllaY) ) slae Jes cluldiall puall SIA ) gl o5 50

1, =l(y?+2z%)dm,
1, :I(z2 +x2)dm , 6)

1, = J(x*+ y?)dm .
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A Al (e ans O Al Jsa clulaiall puall I sl o e

| =m(X®°+y°+2z°)dm -

e (2=0 , y=0, X=0) Ghsied Jsa dulaiall awall S saill 5 3e

|, ,=Ix%dm,
I, o=[y*dm |
|, =]z"dm. ©

IPerpendicullar AN theorem gl yescdl) o =10

(M A gie dasiia (e 3 e anaall S 1)
2 2 2 2
1, =1 (x*+y?)dm = [x2dm+[y2dm =1 +1 o)

osaill o ie g sena gl Ledle 3 5ee ) sae () Al 4y e dnial N gesill 2 32 G 6l
A sl Aniiall pa ) saall adal Ay (g 5 Lo g Al (5 sie (8 Gaalaie () sae s Jsa I

Radius of Cyration IR =t S8 CRms T ()

DA e m S clilaie auad 1 S padll ol Cial oy
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. 2
| =m.r (10)
(10) Ustaal 8 LS clulaio ausal | I3 ) gcail) 2 30 208 Laily oSy

:\A}Ja.m\_u..\lu\iju\ u\J}.ﬂ\)}MusoM@MJ@bﬁwdw\jdﬁuﬂLﬂw:@M\c&j
e) 3aY amall 45 amy S I ) gl 2 e aai Lild 50 Clia g ol Cilapaall (30 € 22e (e dil 5

Lﬁ‘ ‘;\)‘;‘2\5& JJ‘A?J} & 5 b

N
l =m,.,° +m,.r,°...+m,.r,” =>"mr’
=1

(i=1,2,3,....N) 4y

»

NS RUITEN

AM; A paic el 3aY 45 a0 ils Ll lewa 4o shiall Cianal 135 ol 0all Hsma e My ameall 2,
aae ol Ly Aaialy Gl sl ) saal Ay lall puall A daa sa 2335 ¢Sy | s Leaas Leie JS Jing
TS gy haa | i ay Ay peainll ol Y o2

L 2
| = .221: AM.T, W

iSig e 1 asiall

2

Al 4 yeal ling I peaill oo lin () 4 SLEY Laas | 4 Ciloal) ausal e JWISH) iy Gy
b Hme Jes aun oY S palll e AU S5 ¢ Bl (588 O S AN Jelsal) (5 5k,
Ry Z0 sladl

2

I, z_“m.kZ
(14)

s dua

-
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Radius of Gyration ¢l_sll Hhé Caal cnJsh= £,
é\l‘\c‘)}mge‘}c u&ﬁwwcmwﬂ;&uﬁﬂéﬂ\}wjﬁ\)ﬂ\u.:;M‘dlqg}

e Lise 13 e eadd Ay Glia aual (A geadll oo 43 jme dipme <V B Sans o
LA Dslae ol )l dally SN 6 ) gl
D ot bl 3kl aal

Parallel Axis Theorem &) siall ) glaall 45 5k3 1

Normal Axis Theorem saalaiall slaall 45 )l 2

Paralle Axis Theorem Al slec) S =110

s Jsa SN ) saaill e o la ) sae Joa dlulaio puad M susill 5" of e pali
sl G el 4 e (o8 el AES G Gl 4] Blae puall 085 58 a0 5 Las Jo2U (53 5
0 Y alaad) e Ll (S5 ¢ S e (1585 Al b DU el 038 2

(15)

L0X, 0 X Gosaall G aedl s d o pmall S a0 sa 0 X7 sl dus

ol a e mam g (2) b, JSEN 5 (K, ) bl dboall (any ol y 52 el Cal o (1) A Jsaall
plaa¥) and S geadll 6 je mia g (2) Jsaandl Ll ¢ plual) (aad 1)
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(1=m . K ) adaall sl (iany ol )9l Caai g (1) oy Jsaal)

< . Ologl) Lsaa )
2
1. Sl st Al e a dshgd el ]
12
a2
2 a.'e#\d.bnﬂld\ér_%;aw a 4_]}}:@5‘)‘53“ 2
3
aZ
3. 15 Soal (e 1lead P gl 5 a, b Wala) 4 siue Al dnin ]
2 2
4. a~ +b Soall e ans leale (5350 a, b Lol 4 e dlkive ddnia 2
3
a2
5. 4 “:’M@)Sﬂ‘wﬁ ab#u@éﬁ)uajl
a2
6. 4 ghsa e (g3 50 3S jall e e A o ki Caai 38, sa B2
2
a2
. > et o S50l 0 e 8 oks Chaidid ) ila ]
2
8. a L sinse le (53 50 3 5all (00 e Qo bk Cuaidid, il 2
2
Q. a skl L) saa Al yli Caond 4 gl 5,5
az
10. Aokl ) s b ldshs @ W ki Caal 4l Ll 20 gl
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Description
i g

Point mass m at a distance r from
the axis of rotation. m &g
A point mass does not have a moment
of inertia around its own axis, but
using the

parallel axis theorem

A moment of inertia around a distant
axis of rotation is achieved.

Two _point__masses, M and m,
with reduced mass u and separated by
a distance, X.

- .'I.i. - w!&s
Ca o

Rod -1

R

Of lengthLand massm, axis of
rotation at the end of the rod.

This expression assumes that the rod is
an infinitely thin (but rigid) wire. This
is also a special case of the thin
rectangular plate with axis of rotation

Figure
Jsd

A

5=

Moment of inertia tensor
gﬁ‘:\.“ Jgadl) pJe pudl
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at the end of the plate, with h=L
and w =0.

Rod tad

K

Of length L and mass m.

This expression assumes that the rod is
an infinitely thin (but rigid) wire. This
is a special case of the thin rectangular
plate with axis of rotation at the center
of the plate, with w=L and h=0.

Thin circular hoop
G, g Gk

Of radius r and mass m.

This is a special case of
atorusfor b= 0, as well as of a
thick-walled cylindrical tube with open
ends, withr; =rpand h=0.

Thin, solid disk
G dla a
of radius r and mass m.

This is a special case of the solid

cylinder, with h = 0.
I

I,=I, = "—=.
That ~* ¥ 2 is a consequence
of the Perpendicular axis theorem.

Thin cylindrical shell with

open ends,
da gide iyl aa 488 ) 40 gl 48,38
Of radius r and mass m.

This expression assumes that the shell
thickness is negligible. It is a special
case of the thick-walled cylindrical
tube for ry =r,.

Also, a point mass m at the end of a
rod of length r has this same moment
of inertia and the valueris called
the radius of gyration.
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Solid cylinder

sl 43 glau)
Of radius r, height hand mass m.
This is a special case of the thick-
walled cylindrical tube, with r; = 0.
(Note: X-Y axis should be swapped for
a standard right handed frame).

Thick-walled cylindrical tube
with open ends,

Of inner radiusry, outer radius ro,
length h and mass m.

With a density ofpand the same

1 1 4
geometry l.= 2?T’Oh (Tg e )

1
=i, = E?T__Oh (3(?‘94 — r{i)

Tetrahedron 2 ey

of side S and mass m

Octahedron (hollow)
(s (Al pus

of side s and mass m

Octahedron (solid)
() (Had puina

of side s and mass m

h

. Pl

m (3r? + hg)

1 1
= 5™ (rf-l—r%) = mr (1—t+§t2)

where t = (r—ry/r, IS
normalized thickness ratio;

3(rs" + ) 4]

E B ms>
solid — 2[]
ms2
Thotiow = 1
5 2
L=l =h=""
2
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Sphere (hollow) (4isas)ss

of radius r and mass m.

A hollow sphere can be taken to be
made up of two stacks of
infinitesimally thin, circular hoops,

where the radius differs

from O to r (or a single stack, where
the radius differs from —r to r).

Ball (solid) 3ala S

of radius r and mass m.

A sphere can be taken to be made up
of two stacks of infinitesimally thin,
solid discs, where the radius differs
from O tor (or a single stack, where
the radius differs from - r to r).

Sphere (shell)  @isme) 58

Of radius ry, with centered spherical
cavity of radius r, and mass m.

When the cavity radius r; = 0, the
object is a solid ball (above).

|:?‘25 —?‘15:| — é 3

?“23 — ?"13
When ri;=r,,, and the object is a

hollow sphere.

Right circular cone
e.alﬁ LfJ:'“ LJJ&A

With radius r, height h and
mass m .

2 2
7 mr
3
2mr?
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Torus of tube

Radius a, cross - sectional
radius b and mass m.

About the vertical axis:

3
(a.z + Ebz) m

Ellipsoid (solid)

Of semiaxesa, b, and c with

Mass m

Thin rectangular plate

Of heighth, widthwand massm
(Axis of rotation at the end of the
plate)

Thin rectangular plate

Of height h and of width w and
mass m

Solid cuboid

Of height h, width w, and depth d, and
mass m.

For a similarly oriented cube with
sides of length s,

ms>

ICILI - T

About a diameter:

é (4a® + 56) m

m(b? + c2)
=22 *c)
5
- m(a® + %)
" 5
_ mla® + )
I.= 3
7 mh®>  muw?
c= 3 T2
. m(h? 4 w?)
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Solid cuboid

Of height D, width W, and length L,
and mass mwith the longest diagonal
as the axis.

For a cube with sides s,

ms>

I'==%

Triangle

with vertices at the origin and
at P and Q, with massm, rotating about
an axis perpendicular to the plane and
passing through the origin.

Plane polygon

with  vertices Py, P, P3, ..., Py and
mass muniformly distributed on its
interior, rotating about an axis
perpendicular to the plane and passing
through the origin.

Plane regular polygon

With n - vertices and
mass m uniformly distributed on its
interior, rotating about an axis
perpendicular to the plane and passing
through the origina stands for side
length.

Infinite disk

with mass normally distributed on two
axes around the axis of rotation with
mass-density as a function of x and y:

o) = 2 PO

Uniform disk about an axis
perpendicular to its edge.

List of 3D inertia tensors

;_ m(W2D? 4 2D 4 [*W?)

6 (L? + W? + D?)

m

I

=

~(P-P+P-Q+Q-Q)

N
m 21 |Pa+1 % Pol|{(Prts - Pat1) + (Paga - Pa) + (Pr- Pr)

b

ma

m
21 [IPats x P

I =——[1+ 3cot?(Z)]

I =m(a® +b*)

B 3mR2
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This list of moment of inertia tensors is given for principal axes of each object.

To obtain the scalar moments of inertia | above, the tensor moment of inertia | is

projected along some axis defined by a unit vector n according to the formula:
n-I1-n= Hift'jﬂ-j, (16)

Where the dots indicate tensor contraction and we have used the Einstein summation
convention. In the above table, nwould be the unit Cartesian basis e, ey, €, to

obtain Iy, 1,1, respectively.

Description Figure Moment of inertia tensor
“la g Js gﬁ\:ﬂ\ Jgail) pJe el
Solid sphere
%}".-’.w‘2 0 0
of radius r and mass m I=| 0 Zmr? 0
0 0 %mrE
sala 3 S
Hollow sphere
) Zmr? 0 0
of radius r and mass m 3mr
I = 0 %mrz 0
58 s 8 -
Solid ellipsoid
of semi-axes a, b, ¢ and sm( 4 &%) 0 0
I= 0 im(d+7) 0

.A.Laggy.'a*
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Right circular cone

With radius r , height h and

massm, about the apex
sala 3 S

Solid cuboid

of width w, height h, depth d, and

mass m
Llal) edldaianl) 6 3 gia

Slender rod along y-axis

of length | and mass m about end

gl g o i g
édbaﬂ

Slender rod along y-axis

of lengthland mass m about

center

@l jaal) Jsh e i gl

Solid cylinder

of radius r, height h and mass m
daba 43 gl

Thick-walled cylindrical

tube with open ends, of inner
radius ry, outer radius r,

length h and mass m
Olpdad) dASaw Al gla

I =
=
I &
] P
0 I R I=

Smh? 4 f—omrz 0 0
0 %mh2 + 23'—0??11'"2 0
0 0 1_9'—0;'1'1?‘2
Imyd) 0 0
0 sm(w’ +d?) 0
0 0 m(w® 4 h?)

L2 0 0
I = o0 0 0
0 0 iml?
Ll 00
I = 0 0 0
0 0 Lmp
(3 + 1?) 0 0
0 sm(3r2+ 1) 0
0 0 tmr?
Sm(3(r + %) +1) 0 0
0 Sm{3(r +1.%) + 1) 0
0 0 %m(ﬁ?-\-rgg)
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(M=A.1 )i (Z) smedss (A)sdllae 3
(M=V.r)esi(Z) osmedss (V)ssdllase 4

First Moment of Area Q, & Q,

= The first moment of area Q

= 1 he first moment of area with
respect to x axes

Q, = [y dA=yA

= | he first moment of area with
respect to y axes

Q, =[xdA=XA

Second Moment of Area /,, & |,

s [ he second moment of area or
the area moment of inertia /

= The second moment of area .

with respect to x axes ' A “‘\
o = [y dA (el
-~ e dA
= The second moment of area J__/
with respect to y axes ki

= sz dA 0 %
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Polar Moment of Inertia J

J =_[Ar2 dA = L(xz +y?)dA

=l +1,

lx & lyVS Iz Parallel-Axis Theorem

IIX

0
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[ (y'+d,)aA
[ (v dA+2d, [ y’ dA+d?[ dA
lee +0+Ad;

X

Ly = lye + Ad
2

l, =1, +Ad:

J=lg+l,
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fCb=5mm,h=10mm)

2N/

o X Al e gX Lol paiall dlan jiai U gen

osadll e (58 Bulady

h b
= Bj(bx2 — x3)dx

_h[b* b*] hot
b 3 4] 12b

hb® 10x5°

o= = =104.1667mm*
12

b12
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Of Caale 13} ¢ olial KA Y ) paa Jpn Alllaal) dabisall 1A ) sl 250 aa ) 1(2) JYia

£Cb=10mm , h=15mm)

dA = ydx =(h— y)dx

jcﬂdz[?#—;xz]dx

_ 2hb® 2x15x10°

b>x®> b°*] _ h[b® b°
3 4|, Db*| 3 5

= 2000 mm*

Y 15 15
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f(YT) S

f— ‘ot | —

2N/}

s VIS Lokl 5Sar (X ) il S jal X il Y)

Yoy a (in ) | X (in) 3 A(in?) |
-+ x >
8 1 4x2=8 A
r J2n 64 4 8x2=16 B

l Centroid . >

Rectangle Ainz'
A 4%x2=28
B 8x2=16
F¥A=24

For rectangle A:

2% 8 — .
For rectangle B: = +8x2x1’ =101.33 in*

)

Summation: I,=34.66+101.33=136in" Ans.
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A/
! y
% = EEmm
a2
B0nm
gomm | % ::G x
4f8mm
E 2mm 60mm J - B0mm
e
—— BOmmM ——s—— 80mm —
5 Segment
X A(mm?) X (mm) A(mm?)
aialf
64000 20 3200 = 80x 40 1
512000 80 6400 = 40x 160 2
512000 80 6400 = 40x 160 3
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> A=16000mm? ; > XA=1088000mm?

_  D>.XA 1088000
X = = — 68
> A 16000

_ 40 x 80°

Rectangle (1): 1. =1706666.66 mm*

X

~ 80x80°

., +80x 40 x 48% = 7799466.66 mm*

y

 160x40°

Rectangle (2): I +160+ 40+ 60° = 23893333.33mm*

X

3
I, = %+160x40><122 =14574933.33mm*

y

160 40°

Rectangle (3): | +160+ 40+ 60° = 23893333.33mm"

X!

 40x160°

l, +160x 40x122 =14574933.33mm"

| . =1706666.66 + 2 x 23893333.33 = 49.49 x10° mm*
|, =7799466.66 + 2x14574933.33 = 36.94 x 10° mm*
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' iy
3
..p.

j=— 2in ——m—— 30—

Segment A (in*) I.(in') I, (in)

1

p.
3
4

18
9
24

54 13.5
18 4.5
32 72

12566 12.566 12.566
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7

6
2
4

L(m*)=1,+4d,
936
342
128
—213.628
I=1192.37 in*

1 (i) 1, 4d?

54.0
148.5
288.0

-126.663
I=364.83 in'
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= 2400mm”° = 1600mm*>
A, = A + A4,
= 4000mm*
Z‘Ee' ‘4.{ ZJT;Ae
X=r y="T
AT AT
Qx.l =V 'Al Qx.z =V, 'Az
= 30mm - 2400mm”> = 70mm - 1600m>
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229 nun _L

A

172 mm

+ Moment of Inertia
Ix' = (Ix')ph.‘a + (Ix' :}wr'dﬂ—ﬁmrga

= (fx' + Adz)p.‘am + (fx' +A}72)wﬁw—fmga
= {%{119}(19}3 +(4351)(188.5 —?{}.3)2}

+[160.2x10° +(7230)(70.9)*]
=256.8x10° mm*

I.=257%10° mm* —

+ Radius of Gyration

e Lo 256.8x10°
Y4 (4351+7230)
k., =149mm {4

19 mm

5 7
C 1% T

358 mm

220 mm

. 1RE.S mum
X

0 X
L T
[———
172 mm
- Centroid

The wide-flange shape of 360 x 57

found by referring to Fig. 9.13
A=7230mm?  1I,=160.2mm*

A e = (229)(19) = 4351 mm?
Y¥A=73y4

F(4351+7230) = (188.5)(4351) + (0)(7230)

Y =70.8 mm
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C XY @osna dsn slia) S ) JSal Alllaal Aabuall I3 ) saaill o e 2a 51 () Jbia

Dimensions
In mm

45

X
s dal)
v 3
90 .
% = 2(90) = 60 1=45i
20
AT
&
Co—— = 1nﬂ+@ =119.1 |
100 [ 100 " ¥ =100
¥ = 2(100) = 66.7
l X X X
(b) ic) (d)
, Galial) 1
Triangle
bh 90(100 -
A= —= ( ]:450[}mm‘
2
_ bk’ 90(100)°
I, = _ 20097 _ 5 50 % 106 mm?
36 36

Iy = Iy + A7 = (2.50 x 10°%) 4 (4500)(66.7)*> = 22.52 x 10° mm*

~hb* 100(90)°

_ 6 4
Iy % - 36 2.025 x 10" mm

Iy = I, + A%* = (2.025 x 10°) + (4500)(60)* = 18.23 x 10° mm*
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Semicircle

TRY  7(45)°
=

I, = 0.1098R* = 0.1098(45)* = 0.450 x 10°® mm*

3 41 a2

A= — 3181 mm?>

I, = Iy + Ay* = (0.450 x 10°%) + (3181)(119.1)* = 45.57 x 10° mm*

_ g R* w45
=——= (3} = 1.61 x 10° mm’

Iy = Iy + AX* = (1.61 x 10°) + (3181)(45)” = 8.05 x 10° mm*

_ 5l 3
Circle
A =7R*=7(20)> = 1257 mm>
_ R4 20)*
i TR _ RO 61957 « 10° mm?
4 4
I, = I, + A¥* = (0.1257 x 10°) + (1257)(100)* = 12.70 x 10°* mm*
_ R4 20)*
Iy = ;: = H[4 " — 0.1257 x 106 mm*

Iy = I, + Ax” = (0.1257 x 10°) + (1257)(45)* = 2.67 x 10° mm®

A=XA =4500 + 3181 — 1257 = 6424 mm?
I, =1, = (22.52 +45.57 — 12.70) x 10° = 55.39 x 10° mm*
Iy = X1, = (18.23 + 8.05 — 2.67) x 10° = 23.61 x 10° mm*

o)
I 55.39 x 106
ky = Ez\/ —929mm
V A 6424
I, 23.61 x 100
ky = E = \/ . = 60.6 mm
TV A 6424
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¢ Ml Sl Jal Al dabaall |y S geaill o e 251 :(10) Jia

Find the second moments of area
and polar moment of inertia about
axes x,—y,

s Jad)
4 1
I, =1, +Ad? =" 4 ra?e? = 972
et 4
4 4
lyy, =1y +Ad; = o tmala’ = 528
5ra*
J = ].[chc ..rfcfc = 2
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X sae Joa obial S all JLall Alliaal) Aabiaall S ) secill o e 3a sl JalSalI aladinly 1(1) s

21.3in%  .sa

10 1n.

o) S ) JSaN (g il g Uaill Alllaall dabuall A ) seadll ade ang) JalS alasinly 3(2) O

R'al2 ; cigl £ 0 Lsedss

X, Gosna dsn olia) oS yall JaN Alllaal) Aalisall A geail) o e 2a gl Sl alaialy 2(3) Jlises

'y

I, =128 m*. I, = 1720 m* : gl
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f I m

€y sna s elia) oS ) JSal Alllaal Aabuall A ) seail) o e aa 5l JalSH alasinly :(4) )

23.15 x 10% in* .y g

- X
-‘—]2‘:‘3-"41] | I

20 in. !

¢ Ml Sl JCal Al dabudll | Dy S peaill o e a5l 2(5) g

I, = 48.7 x 10° mm*, I, = 18.42 x 10° mm®* + il gall

40 mm 40 mm

66 mm 66 mm
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¢l Sl Jal Al dabiaall 1y A gasadll 2 e 3a ) 2(6) O s
6230 mm? : sl

2 1
L
|
Il
|
| 18
—r2«—5—-1:4—i_~24_
|
I SR SR A .
| ]
All dinmention in (mm) 5 —3

¢ A S el (a0 A Aabsall [y SN sl o5 351 1(7) 3

—61.4 x 10° mm* , .y

| ’-——]60——-‘
ol
D

Dimension.‘; —| 40 |-
in mm

s

x |—160—

¢ A S el (a0 A dabsall [y SN sl o5 251 2(8) 3

—1.131 x 10° mm* , (g

— 1[)‘.-._
— v

Dimensions in mm

80
c .
|
26.5 a4
| ] 10
- 16.5 [~ | 1
60 ,
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Miathmatical Symolbllss  Sstiil 8 Seyl

Relational Symbols

= equal to ~ approximately equal to < less than or equal to
= identically equal to < less than > greater than or equal to
= equal to by definition > greater than # unequal to, different from
<« much less than > much greater than 2 corresponding to
< partial order relation > partial order relation
Greek Alphabet
Aa Alpha B[ Beta I'y Gamma A Delta FE e Epsilon Z(  Zeta
Hpn Eta © 0 ¥ Theta I Iota K k Kappa AA  Lambda M g Mu
Nv Nu E¢ Xi Qo Omicron 7 Pi Pp Rho Yo Sigma
Tr Tau T v  Upsilon ¢ p Phi Xy Chi v Psi w Omega
Constants
const constant amount (constant) C'=057722... Euler constant
m = 3.14159 . .. ratio of the perimeter of the circle to e= 271828 ... base of the natural logarithms
the diameter
Algebra
A B propostions
-A, A negation of the propostion A
AnEB N conjunction, logical AND
Awv B U disjunction, logical OR
A=05 implication, IF 4 THEN [
A=B equivalence, A IF AND ONLY IF B
A B C, . sots ™ set of natural munbers
A closure of the set A or complement of X sel of the integers
A with respect fo a universal set [N} set of the rational munbers
Ac B Aisaproper subset of B 151 set of the real numbers
ACH Ais asubset of B 1 set of the positive real numbers
AW B difference of two sets m" n-dimensional Eudidean vector space
ANDE srmmetric difference C set of the complex numbers
Ax B Cartesian product Ro & relation product
re A x is an element of A rgd risnof an element of A
card A4 cardinal mumber of the saf 4 i empty set, zero set
An B intersection of two sets Mo, A intersection of n sets A4;
Au B union of two sets = A union of n sets A;
¥ for all elements @ da there exists an element x
{r e X ple)}  sabset of all o from X {x: pla)}, setof all @ with the
of the property pix) {z|pl=)}  property pix)
X —Y mapping T from the space X = isomorphy of groups
into the space ¥ ~ g equivalence relation
& residue class addition = residue class multiplication
H=H & H: orthogonal decomposition of space I A &= B Kronecker product
SUTI suppork
sup M supremum: least upper bound of the non-empty sef M (M C IR) bounded above
inf M infilmum: greatest lower bound of the non-empty set M (M < IR) bounded below
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[, 0] close

(a,b),]a,i{ open

d inferval,ie., {reER:a<x <0}
interval, i.e., {freR:ia<ax < b}

(a,8],]a,b] interval open from left, ie, {freR:ia<a<b}
[m, 0], [a,b]  interval open from right,ie., {reR:a<x < b}

signa sign of the

s mumber a, ez, dgn (£3) = £1, dgn 0 =0

| a| absolute value of the number a

atothep

ower m, a to the m-th

Vi square rool of a

wa n-th root

log,a logarithm

of a

of the mumber a to the base b e.g., log, 32 =4

loga  dedmal logarithm (base 10) of the number a, e.g., lg 100 = 2
Ina natural logarithm (base ) of the mumber a, e.g | lne =1

al b
a b
a=bmodm, a= b

godia,as,. .. a,)

o is a divisor of b, a devides b, the ratio of a to b

a is not a divisor of b

m a is congruent to b modulo m, e b— ais divisible by m

greatest common divisor of a, a4, .., a,

lLemfay, as, ... a,l least commeon multiple of a;, a.,...,a,

n

(3

i

()
nl=1-2-3.. .. -n

() =2-4-6-...
(Zn4+1)l=1-35

.A. = |:ﬂ-|_r':|
AT

_A._I

det A, D
E = (d;)
1]
..

n

binomial coeffident, n over k

Legendre symbaol

factorial,eg 6 =1-2-3-4. 5. 6 = 720,

(2n) =2"-nl  inparticular 0 =1 =1
o2+ 1)

matrix A with element s i

transposed matrix

inverse matrix

determinant of the square matrix A

unit matrix

zero matrix

Kronedker symbol: 6;; = 0fori #j and d;; = Lfor i =

gpedally: O =11=1
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a column vector in R"

a’ unit vector in the direction of (parallel to) a

[| &l norm of a

ah, ¢ vectors in IR®

i,j,k €, ey,e: bassvectors (orthonormed) of the Cartesian coordinate system
oy Clyy, coordinates (components) of the vector &

| & absolute value, length of the vector &

- multiplication of a vector by a scalar

a b, ab, (ab) scalar product, dot product

a x b, [ah] vector product, cross product

abté = a (b x &) parallelepipedal product, mixed product {triple scalar product)
o, o zero vector

T tensor

o=V, E) graph with the set of vertices V7 and the set of edges E

Geometry
L orthogonal (perpendicular) [I parallel
# equal and parallel ~ similar, e.g., & ABC ~ ADEF; pro-
portional
Fal triangle £ angle, eg., + ABC
- are segment, e.g., AB the arc between A and B rad radian
° degres
! minute + asmeasure of angle and droular are, e.g., 327 147 11.5"
s seconid
AEB the line segment hetween A and B
-y
AB the directed line ssgment from A to B, the ray from Ato B
Complex Numbers
i (sometimesj) imaginary unit (i¥ = —1) I imaginary unif in computer algebra
Re(z) real part of the number =z Im(z) imaginary part of the number =z
E absolute value of z arg z argument of the munber =
Zorzt complex conjugate of z, e.g., z = 243, In =z logarithm (natural) of a complex muon-
E=2-13 ber z
Trigonometric Functions, Hyperbolic Functions
sin sine COs oosne
Lan b angent ool ol angent
seC secant COSE cosecant
arcsin - princpal value of arc sne (sne inverse) ATCO0S principal value of are cosine [ cosine inverse )
arctan  princpal value of arc tangent (tangent inverss) arcool principal value of arc cotangent |{cotangent in-
verss |
arcsec  prindpal value of arc secant (secant inverss) arceosec  princpal value of arc cosecant (cosecant in-
verse |
sinh hyperbolic sine cosh hyperbolic cosine
tanh hyperhbolic tangent coth hyperbolic cotangent
sech hyperbaolic secant oosech hyperbolic cosecant
Arsinh  ares—hyperbolic sine Areosh area—hyperbolic cosine
Artanh  area—hyperbolic t angent Arcoth area—hyperbolic cot angent
Arsech  area—hyperbolic secant Arcosech  area—hyvperbolic cosecant
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9 0 &
e’y 0w

52
iy
.fn.fw .f:nf:wfyyr ‘-
D
grad
div
rot
i d-+  d=
V= T ) + EJJ + T
B 2 N a2 . 52
s ar? oyt 02°
dip
da

[ tawas= |[ sy
_[.f(r,?,zj ds = ff_f(:,v,z)d.s
ff(:.;r,r.z) dl” =j/f fla,y, 2) de dy dz

_7{ (F) dS =ﬂr(f)&s
j{i‘rm-.{s;ﬁﬂﬂ&s

j{i'r(fj X &'S;Iﬁff(i-') x dS

A = max!

A=max

b

.

determination of the first| second, ..., n-th partial derivative

determination of the second partial derivative first with respect tor,
then with respect to gy

first, second, ... partial derivative of function fx, y)

differential operator, eg., Dy =g', D%y = 3"
gradient of a secalar field (grad o = Vi)
divergence of avector field (div v = V- ¥

rotation or eurl of a vector field (rot ¥ = ¥ = ¥ )

nabla operator, here in Cartesian coordinates (also called the
Hamiltonian differential operator, not to be confused with the Hamil-
ton operator in quantum medianics)

Laplace operator

directional derivative,i.e., derivative of a

scalar field o into the direction &: a—f =& gradyp
a

definite integral of the function f between the limits a and b

line infegral of the first kind with respect to the space curve O with
arclength =

double integral over a planar region S
surface integral of the first kind over a spatial surface 5 (see (8152h),
p. 482)

triple integral or volune infegral over the volume V7

surface integrals over a closed surface in vector analysis

expression A is to be maximized, similarly min!, extreme!

expression A is maxdmal, similarly min, extreme.
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