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csd Ol gl d S asall addl 55k s jral sed Ml ab

.(a,b) = (a,b) 34 ¢ b s a e b mawall el dad 3 1S5 lma Toxe g 2 0 S 1) 1Aags
.b=qa+b;0<b<|aluqr=>bdusama e mpadic Q£ g, b opll Glo dadll a5 aend Gadaty 1o il
.(a,b) = (a, qa + l_)) = (a,b) : O 253 4L Dl alasiuly

((a,b) Slsn 350 ) &) vt cilliadla g dlial

(a,b)=|a| &4 alb oS 13 adl alas (1

e s e deani o ) (G383 IS8 5 sl sl Gisa s ae) e 330 A8 daill) 2335045 (a,b) luad 438 (8430 Jis) atb oS 13) W (2
.(8,30) = (8,30) = (8,6) = (8,6) = (2,6) = 2 : S (8,30) Huueal Dl . AV anity Lataaf alacY)

Gl e ae s ¢ L e lmia Tase )b e S 0555 Ladie ¢ (a,b) il (uall) 320 ))& () sanadl zain 58 o (8,30) s & < shadll 038
DAY Bl e Talaie) ¢ 1 jta LaadS Gl ¢ Cpmamaa cpane Y SV @ jiiial anddll Qluad 48 () 65 Ca gas



(a,b)= (la], |b]): 3iah aid ) ha LaadS il (pmpmaa (e a, b S 1) 2(2) Al

0 US 0sS Gallis) b ¢|a] Ga S iy ails @, b oa SIS adid Gl Y (Jal,[b])=d & e caals (a,b)=d & s cha
( Aenill g3ail) ALala aladinlys AY) ady |a] sa

S yal s My a, b el age d il adlic 1. a, b e I andy L6 b s|a] oo S8 ads L e Lagaaa e ¢ oIS 131G
(lal,Ibl)=d o sl Vsl e, 0 < d ol gl ¢ Leagd SY) & sl anldll (5 sy

((a,b) lun (& Ll da 5 )) sac @b hd (S 5iS 4S5 ged(a,b) 25 5) (AR s

Dusy gp, Iy = b ¢ puns Cpmania pase o deasi ¢ Legale dendll daa ) 5a Gadai alli ¢ 0<a < b Cusy Cpsasa e a, b S 1Y)
((a,b)=(a,b)=(a,r1)0sSs 58V dsgiill couns) b=gqa+r;; 0<ri<a

G s Cpagaaa (pie o Jeasiie ry<a (pasad) Jal (e (Rl 5 a) dandl) dua )l 53 p23ins Wl (O<ri<a O ¢sT) ry#0 Zendll 3L (IS 130
[(@,r1)=(@,r1)=(r5,r1)0s8 508 Al uns] @ =qori+ry 5 0S1p<ry Cuss gy 1p=3

s g (paasaa (pade e danid oy gpaaal) dal (e (A6 5 je) dandll dpa )l A padiud Wild (0<rp <rp OV g)) 1 20 hase S 10
L= gartr; 0Si<n dusgsry=1n

OS5 0 < Mg < Moy O3S DALY maddl AU e 1= 0 G Gle mHL 85l (b Jsmanl) e &Y 438, ra<rp<ry O Aasdley
Dun Qm, M G (esasaa (paae e Ulaas 1o 1 el (e dandl) 40 )58 Lidda 8

Mm2=0Om-1+Mm ; 0 <Tm<rma [ (fm2fm1) = (2 Tm-1) = (s Ta) |
D e Jaand (rm|rm.1 u}s-‘) rme1=0 < (m+1) '&')A\g\a..\k

rm—1=qm+l+ m 3 Im+ =O [ (rm,rm—l)zrm ; Mm | I’m—l]
. (b,a) = (r,a) = (ry,r) = (r3,r2) =........ = (Fmot,fm) = My 2O) a3 Qihasde JoY) dpneall Aag aladinly

il Gl 8 anlE) daa ) s e ) ALl dge )yl 58l L jhall e ddlide dad L AT sarg Cus (1| T A O < fpy o BasY)
LS Cpam s Lad [ X, Yo O (pae alagY 48 5k o365 Gaal) daa ol 53 G Gl 1) A8l L (( Qe ose o (paand LS il

8 gbosall (e W3 3 245 (@ ,b) = aXg + by Cuss [ Aandl) da ) 52 223805 37 IS (& Cpaasall cpaaall Alas 5 e a2 ) e Wla Baa g
L I Ol 3 i3 el i, (8, b) e e sty el Ao 3 53 351 U

o LS Al da 5l s Gk @ll3 5 (1904,510), V5l 2 sil: Jlia

8¢
1904 ,510 — 1904 = 3(510) + 374

Ve
374,510 — 510 = 1(374) + 136

Ve
374,136 — 374 = 2(136) + 102

e
102,136 — 136 = 1(102) + 34

102, 34 d—lc> 102 =3(34) + 0 = (1904,510) = 34
danal i il shady g ALl (sl Gyl ) (83 Y] U 3 gl (e 3l Lild 34=1904X+510y Cusy X,y (psanaa (pase alagy Ll
JEEN

34 = 136 — 1(102) = 136 — [374 — 2(136)] = 3(136) — 374 = 3[510 — 374] — 374 = 3(510) — 4(374) =
3(510) — 4[1904 — 3(510) | = 15(510) — 4(1904) == x = —4,y = 15
(360,2250),(3827,74329),(3799,7337),(123456789,987654321) ;e 2a sl (s8] dpa 5 ) a aladinly ;o pali

. (a,b)=axo +byy < Xo,yo 2l &

(relatively prime) Gasi (251 Lagd) caaall e J5ii Ll (a, b)=1 OS5 ¢ T jtm Lad S d Cpimmaa cpae 3, b S 13) 1 Gy s
LG g5 -3,8 ol s (-3,8)=1 &) L

D R 43l ) i Laa SIS Gl lasaa glaxe g b OIS 13 A e

(Ulasmaa (e v sxg a5 (a,b)=1&axe+bye=1 & ). axgrbye=1 Cusixg,yo chasma Ghae 2a 5 & s G5 (a, b)



Ole 2a g 43 (3,0)=1 & Las HSY) il aslill 3 ga gl A yae coene 3, b cpoaall S 5 US55 (3, b) O L () 1 e
] axg+byo=1 Cusa Xg, Yo Olagsaa

1) i A g axgrby=1 ae 4lld Ul g Legl (ad S 55 (ol auity 4l g, b e SIS ails Less a5l (a,b) O W ()

Lo @31 a,b & Gl ¢ (a,b)=1 3l sbsall i alli ¢ (3,b) = 1 ol lais« (a,b) < 1

diaty alld 1 jion LS Gl oaasia cpaae g b S 1) gl
% ab) a b

b/(ab)ds.,ﬂumjdsmm- Can sa g oo (ol LS (K ML ) (Fb)'(Tb))zl (1)
{(a,b)=1 & ajc & b|c = a.b|c} ¢ ISy ¢ anity (a,b) 222l) b‘icc-mai\ 2all sy b sa e S PS5 (a,b)=1 0513 (2)
laglaal lielioas 5S4l g b U il 51 cpaaed (S jiia lielias ¢ S 13) 1 b WS clie Ladl) Al elld 3¢) 8 oSy
DAY andy 438 (b oS5 Laaaal we Lot 3l a 0S5 ¢ b, ¢ gemanaall Guaaall (blc) slaa) aniy @ zosaall saall IS 13 1 (Gealil Bagad) (3)

alb.c A(a,b)=1> alc: sy usc
Okl

\ 211 S 5 alag) 3,84 \ =1l
J;}ﬂ} (ab) (ab)um O G.L; PR ).\AY 4a yal m@&((ab) (ab)) 1< \1(1)
Q.-.\Q)H‘Mj‘(a,b)=aX0+by0“—‘,—.‘MXO,VOUIA:\MQ\J-\‘;-\.A}“*-M‘JP}S\:‘-.\A)M“—\MAB bwd.\aﬂsk;uﬁ).\d&uuﬁ.\(ab)&\m

lan by 1= —

Xo,yoobamo‘d-\cd.aﬁ‘*j}—"‘-‘iée*ado\eijia,bbiw;‘c=t.a=sb&eaes,tob=\mumf— A;ﬁ‘*-'lﬁ‘c oy 3, b e NG L (2)

2o ¢ el ARl el alasiinl 5 ¢ 280U 3 Al B dhsdd) i sk ey | 1=axg+byp G

Coaniy(a,b) & iy e c=cax+c.b.yy=s.b.axe+ t.a.b.yo = a.b(s.xo + t.yo)

( 1=axq+byo=c= c.a.xo+c.b.yo=>i = %xo + §y0 ;L ﬁ €EZ < ablc sl h )

B glaall e Jeani ¢ ¢ 22all 5 A 8 glsall sk pmig ¢ axg +hyp =1 Suss Xo,yp Olaina Glase aa g 43l (3,b)=1 O W (3)
a3 (1) 3l sbusall & (ayseillys buo = @t Cus tzmaea 230 3y 43 ¢ bc sy a O Lars ¢ (1).....c = c.a.Xo +C.b.Yo

L Canbya G Oln 138 5 ¢ = c.a.Xo +a.t.yo = a(C.Xo +L.Yo)

-cildaadla

L 4%16 =64 Larslaal licline (ul 405 ¢ 1654 (uaaall (o U8 liebina 32 232l Sle 45 ¢ (2) Al & ol (a,b)=1 Lol &) (1)
Ol 6 2321 EY ¢ 4amal) sy V5 3 23all anih ¥ 6 (8153 X 4 = 120 6 222 ; Die Y ¢ (3) dagill & bl (3,b)=1 b Sl (2)
4 Y5 3 e Y s (5

& idiall andlally 3laty Le JS ad) 353 o3 a1 s ol 0 3 48Y | nnal S8V @l il andilly (Bleiy (pal 535 Cilin e (g o385 Le S O a3l
lersen ) i die m LY @ i) andal) il UL 8 ¢ 51 138 a5 s AU L) 0 el g ¢ caae e SSY Y
copand SV @ i) addl) Jiay Laaaal ¢ Tase (m-1) 3 LSV i) anddl) Claa ) 3 (1 linal

(o oo SSY Y & jisiall anldll Clua) 1458 e
(31,32, 3m)=(31,32,-3m-2 (Am-1,8m)) | Bins 43l | Jlbual lgrsan Casd dapaia alacl 3y 35,000 8 S 1)
Jha L3S Gl gy amg S
Dbl il s ol G @i ¢ dan jaall (a8 52 ) sl 8l sluall Baia Bel 5 1 Gl )
Aan pall AS %Al and il de sana (B SV peaiall (5 sbn a1,80,nn.s, B 2130 S Aun sal) A8 Skl sl il Ao gana B SY) jeaiall
G e el S 438 (fiagiine Ao sal) A8 Sl and @ e gana & Laase @1,80,000es8me2 (@me,@m) S2e
4e sana) D(ag,a2,meee3m2,(Am-1,3m)) 4 senall & slsa (ag,az,...y@m 222 don sall A8 Ji8AN sl 8l de gana) D(ag,az.....,dm) i senal)
(31,32 wvre3m-2,(Am-1,3m) 2223 Lo sall A4S jiial) o gl
D(a1,5,-++++,3m2,(3m1,3m))= D(a1)ND(a3) N...ce..ND(@rm2) ND((am-1,3m)) GV ganea 1385
ot 3 Ao sthaall 5l dsall iy 38 das 38 el i s D((@m1,3m))=D(@m1) N D(am) & Levs
D(a1,az,---,@m-2,(am-1,am))= D(a;)ND(a) N.......AD(am-,) ND(am-1) ND(am) = D(a1,az,-----,am)
Ll A5l Ayl Cosae (260,112,72) 25 1(1) Jlia
(260,112,72) = (260, (112,72)) ... ...(1)

= (260, (112,72)) = (260, (40,72)) = (260, (40,72)) = (260, (40,32)) = (260, (40,32)) = (260, (8,32))
= (260,8) = (260,8) = (4,8) = 4



Pani ¢ Guall) L) A e (112,72) sy Vgl o ¢ 5 AT 4 ylay
112,72 25 112 = 72 + 40
72,40 25 72 = 40 + 32
4032 =540 =32 +8
328 S532=4(8)+0 = (112,72) =8

(260,112,72)=(260,8) & Gsle cpazal 58 & jidall anddll Claa ) Jsas Alsall G 225 (1) (A s snills
260,8= 260 = 32(8) + 4 O ranih (5 a0 87 el dua ) ) 53 2030 (260,8) ]

84 = 8=24)+0 = (2608) =4

(260,112,72)=4 (i e Jeani dagiilly
iy e o3gd Jhad S 55 e Jpanll 2 o) 8 g SeudS( a,boanll Jhd (S 5 58 (a,b) 20all) dia el ases () Aiada
(a,b,c)=axo+byo+Cze S Xo,Yo0,20 Axsnaall slac¥) slag) Wiy Silad) Jaall i ¢ (Als ja (e ST e oK) omae dal (e Lgudi 3,880
Willie i g¢ 4gle Ulaas ol LY @ jitial) auddl] Jiaall AU e &y glall 5 5881 U 81 glosall (pa BDUail ¢ (uald) 42a ) ) s3] duSlae &l shady
rand ((*) 5 ghasal) (e D)
4=260 — 32(8)=260 — 32(40 — 32)=260 — 32(40)+(32)(32)=260 — (32(40)+32(72 - 40)
=260 — 64(40)+32(72)=260 — 64(112 — 72)+32(72)=260 — 64(112)+96(72)

Xo=1 , Yo= 64, 7p= 96 & 2 diag
Oo oud Al o & Slgc aalgll g aaae (e FEY SV @ i) anldl) G e Y (any & diand o agdal) (e 0 Jlia g AdiaSla

s ol g gnae 0S50 off (55 5%l
(35,21,15)=(35,(21,15))=(35,3)=1 : Lual &lld Jlia
1Y) Gl a8l igeny a5 (35,21)=7 , (35,15)=5, (21,15)=3, :& aadlis
(e e Gas 43l dael ¢ (LSl ) Wals 430 i dlacl) iy pas
(33,2, @m)=1 IS W (mutually prime)(Gals ) US s 40 5 ) ¢ 1 laal L cad 0 ¢ @y, 8 Aagsaall daeY) e Js6
&, a)=1V 1S 1#j<sm oS (relatively prime in pairs)is (e s 4351 L) J 5

il 13gd Gl Jial) 8 Ly LS grana Gl (Sl S L 43151 ()55 i (i Lans 230591 alaeY) alalls -
(25,21)=1, (25,4)=1 , (21,4)=1 (Y e e U 43031 25,214 daeVi: Jla
s sall sl il e sanay dalaciall Gl 438 sall ) se Ml 5 analiall o (ol 45V 5 5l 3 cABadla

[D(a) = D(a,b) =D(a)nD(b) =-- MaxD(a,b) = gcd(a,b)]
[M(a) = M(a,b) =M(a) n M(b) =+ MinM(a,b) =lcm(a,b)]

NP

(l.c.m = least common muptiple) iy & sidal) dicliaall

b=ac dus crmaa 2o 35y S b esaall 232l andy 0 £ psaall 20al) () Ul Lanind ¢ dausdl) o ge8ar (385 JS5 by 23e Cielins o gda ()
be Sl ) Opad) e seh andia Cpadl () el (e ol B @b 4ndi el JUllis ¢ g daall lielias sa b 23l G Lol ind 31 glsall 028 ()3
lieLias e gane Ciy ya3 gl Ml geganell b laas lielias e doand ¢ s A ¢ gmaall 22al) 3205 50 S 8 4l Laalic g Jlicliae
Gl aZ 30l & e S5 {ax; x € Z} 4l a paaall 2l

aZ = {ax|x € Z} = {0,a(*+1),a(£2),a(£3),..} ={0,+a, +2a,+3q,....}

2 e gana daa] Clicliaall de gane (583 Sl3 oo Lagi ge jiuall g8 daly paic (e alls allicline de sana (b 3=0 Ledic 451 zual 5l (1
bl (e Caliny aaal) 138 G G i dae e liaal L) 8 elliliigii

() AlaYle Ao sall 5 bl daa g 311 eV de gana 25 27 = {0, £2, 24, 46, ... }1 (2222]) Cliclias de gana (8 =2 Lexic
3S G ol 1 (e 43Y @lld e il (e Calitn pnia 23a) G sall Clieladlly 263 () oanhall (g0 | zrasaa 230 5V lielias yiiny (53l jiuall
o 2al) AN oy ga b Cacline 4l g # 0 s 232) X g0 e liag

M(a)={a,2a,3a,....} =aZ "=|a|Z " M Lase JS 13 ¢ a#0 mnall 2aall dua sall Clieliadll Ao ganal M(a) = S0 Sosm,

M(-3)=|-3|Z" =3Z" =M(3) : i« <M(a)=|a|Z "ae & 4l &l . M(a)={-a,2(-a),3(-a),.....} = (-a) Z "=|a|Z *: e Wwa JS 135
A8 jidall ClieLiaall de sane Jic Lagakalis de gana (i @, b Lilall ge Cpilitall (paoell doa gall ClieLiadl e sena M(a),M(b) <lS 13 -
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M(a,b)=M(a)NM(b) : & sleM(a,b) = &b 30 (i 56 Lagd dun sall
¢ Gmall a5 Tase G @l 5 ¢ jraal T paie @lla Ldla ($13L) 08 e 5 daa sall Aaganal) dlae ) de sane (e A3 e senall ol () Ly
shlem(a, b) 3ol 4l 3e 5 (least common multiple) a, b oisiall je (pasall jral) & i) Cieliadl jpal) jpaiall 18
a,b] Tt
M(4)={4,8,12,16,20,24,....} M(6)={6,12,18,24,30,....}  M(4,6)=M(4)NM(6)={12,24,..} (¥ a=4,b=6 JS I3 i
. lem(4,6)=[4,6]=12
i LS T 1 alael B3 e ) jpaal) @ jisiall Clicliad) o sgia arend ol (e
¢ il e W A gal) ClieLiadl) de gense M(ay),M(ay).......M(a,) <S5 ¢ auall ge Calide e SIS dagaia balael 3 ay,.....a, <l 13
322 3 Ao gall A8 Jidiall cilieLinall de gene Jiai (M(ag,ay,.an) W) a0 G 5)M(ay) N M(ay) N .. ... ... N M(ap) eblEl de sana (fd
34595 @3,z eennp e ) @ jiiall Cieliaal) s (Ouadl casi i) e cavs 3 sasall) A ganall sda (4 V) yeainllsayay,.....ay
‘May=4,a,=6,a;=9 <lS 1Y N ¢ [a;a,,.......a,] e s lcm(agag,.....an) el 4l
M(4)={4,8,12,16,20,24,28,32,36,.....}
M(6)={6,,12,18,24,30,36,.................. }
M(9)=(9,18,27,36,45,54,63,.......,.....}
M(4,6,9)=M(4)NM(6)NM(9)={36,72,...} (& LI 2 o3¢l Lun sall A< jidiall i Liaall de sana (4550
.[4,6,91=36 & s 4,6,9 32D ¥l & jidl Cieliadl s 36 L jiall juaiall
b LaSe oa g s Uil oA ST g cpaned jraa¥) & il Caeliad) o sgie ani ki o35 Le e alaic YU
( lem(a, b)Crasnd pual) & jidall Cielaall) @iy i
a, b opall el ¢ il Cacliadl 45 m s sall masall aaal) (e Jsii Willde jiall oo Calise Legia S Cppmmia (e a, b S 13)
;e ) 3ia (13 Lt g) 1)) ¢ [a, b] 1bwial Sl lem(a, b) A e
blmAalm Jd¢l a,bd8aileclaim (1)
.m< ¢ Fe(a,bopal 3 lasn it liclace S gl b [c A afc Cumslase lumia Taec 0S13(2)
((a,b)s[a,b] G s 1) 48 jae Lpanss 43 yua o LAY (R 55 g iy i) 138 o 50laS )
(e oo FEY jral) & jidall Cacliaall) - iy gl
alae S el o jidall Cacliaal) 43 m can sall momaall a2all (e Joi Ll ¢ jaall (e Calid Lgie S ¢ dagmaa el ay,a,,..,a, <lS 1)
st i) (3a3 (13) Jad 5) 13} [ag,@,m,an] Vi) Sl lem(ag,@,.e,an) o4 a5 ¢ @3,a0.0,a@n
1=12,.n X alm (1)
.m<cdé 1=12,..,n 3 g |cdum Al s laialne ¢ 081 (2)

ol Y1 & el anddll g 4dn day 5 as Adla Aals o adiag Coieliaal) clld Cila g ¢ el jpaal1 & il Caeliadl (al a4l ()
DY) Jsaall e s il dilaadle (Say ALalAll 028 () gacan g ¢ (aaal)

a| b (ab) | [a,b] | (a,b)+[a,b] | [a,b]-(a,b) | (a,b)[a,b]
6|1 1 6 7 5 6

6| 2 2 6 8 4 12
6|3 3 6 9 3 18

6| 4 2 12 14 10 24
6|5 1 30 31 29 30
6|6 6 6 12 0 36
6|7 1 42 43 41 42
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(a,b)[a,bl=a.b 2 3 glosall (Baa JaaSU Eus (a, b)[a, b] claall diml\ ).A‘)!\ 3 ganll 459“ Lasa ¢ alacy) e\.El'a\ Lasdu ) Jgaall e
@y\MM\@u\ﬂ\va&ﬂ@A%M\aMH@é@d@c(b>0)3>0£)ﬂ\.\.\9)
([a.b] 5(a, b) o ) :ASh jua

[a,b] = (—b) ol ¢l (a,b)[a, bl =a.b B 4ld Gus s Guaasaa Gaae g, b OIS 13
W o sall omall 20all G ) glhall maay Uy ¢ [, b] = (ab) o Ll ol 3l glul) & sca gl

SN ¢ a, b d e jite Cicline 4l m= g —2— = b, —2— ISEIL m el AES e Y3 BN g, b cpoaall jaaY) @l sl Cacliad) s

(ab) (ab)
chi;émiaqs%éijmsc@i‘_gsgu),d\g._\*‘u}sakjbk Cun L se lnpmia axe ¢ S 13 : Lilis | mamaa 220

a b .
@b) ° (ab) =

c _cab) _ claxtby) _ cx 4oy =Sx+Sy lic(a,b)=aX+by dula,b I hd s s (a,b) &
m a.b a.b b a b a g i

(2250 mmaa 2ecsm 00 S8 GY) m S ¢ Ol asiaks mc O ol bamaa e o, §X+£ay bﬁ@mﬁdﬁijguﬂ%biWJ
Ja,bl=a.b & (a,b) =1 :0 s 8be iy 4G La jad) eidagil

s JEal) Al Aglud) daa eal) e gulai
Ol an Ty M1 A83le (pase (72,112)=8 a2all sbusa adf Lina 5 38,5¢(72,112) Y3 2555 0f grashall (00 [72,112] 3Ly Jla

(72, 112]_72X112 =9%112=1008

[6,10,15]=30: ¥ JUally ells xiasis  [a, b, c] (a, b,c) Za.b.c O @l orae e ST e 8l da juall agend Sap¥ 1 Jliag Adadla
(6,10,15)[6,10,15]=30 # 6x10x15=900 {f Ladli5 (6,10,15)=1 «
G a b S 13 4l alad ¢ Db Y & il andal) Gl sl gl jaal) @ jiiall Cieliaally Gl Jal i e gla )l Ul e qua gy

L ual Al A 1388 4 ¢ [1,a] ¢e M (1,a) = u\ela_nJhSG' [a,b] o= 13 (g, b) =|a|

(& @2 ) =1t 5 sl i \ <c gl
1wy Vo€ Z s Sl ((ab) (ab)) 1 Wl c=m & ¢l m|cdl de gl &S mse &) He gla Ll

1 a N b a.c N b.c
= X c = X 3
@h) " @b T @) T (@h)”° dfememacs blememtp

a.b b.a
@ b)‘B0+( b)ayo—mﬁx0+may0—m(ﬂx0+ay0)=>m|c=>m<c

(LY danlall slae) o Al &3 jaall araed) Audga

[a,1]=]a] &4 Jilall e llida lumia faxe g ¢S 13)(1)

[a, bl =[]al],|b]]: Gsxia, b ilall e Guilida Cpapmia cpaze IS dal (s(2)

[a,b]=% Ol (a,b)la, bl = |a.b| e is lall e cpiliag Cuaimaa Guae a b S 13 (3)
1O )

[a,1]=a] O 8t sy sa¥) il Cieliadll s 25 a(1)

[lal,1b]]=m & e o84 & [a,b]=m & u'a}-'\ [a,bl=[]a],|b]] & skuall e ool (2)

el pal i e 3L @lls bl m s al | m O @ JWbs blmsalm B [a,bl=m & L Y

alc délal|c i sallal & . . mScu‘&f-uUeﬂﬂbHCﬂaHC Giny bnse amaa faae ¢ o0 1L
.m<cefab] <c gl blc (U|b|| ¢l sb||b] s

Wl o<1 [ Ja , [b] ] = 24EL fh.mugxcwwﬂa@yzw|a|,|b|w Ss Y8 a,b € Z - {0} W (3)

(allbD
- [a,b] = & s « (lal.[b)=(a,b), [Ial.[b[}=[a,b]
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) okl (a1,az, ...ax) = (a1, az, . A1, (A, Q1)) B gl ¢ (paae o S8V HEY) & el anddll Clusa ia yae i

D Cuns by, by, e, b, O Aninaa dlael aa g o) Y A i i ML Tl Leasan Cad 230 k 00 callly

(a1, az, . ag_1, Ak, Ag41)) = a1by + azby + -+ ag_1bp_1 + (A, A1) Ck
e danixep = by, Y0 = bpyq s ¢ Gispsa (pe Xy Suay =aib; + ayby + o+ ag_1bp_1 + (Qx + agy1y)ck
Ay, 0z, -, Qg—1, A, 41 = A1by + Azby + -+ ag_1bg_1 + Apby + Qg 1bpeyq @ Astha) 31 Jusdl
c(aq, ag, e, ) |c OIS 1) dasd \AJ Sua 0y M s qyxq + ApXy + o F A Xy = ¢ Adkadl) A58 gl Aalaall Ja aa g 1408 pe
dapnia dlae] a5 AL A puall i g c=d.r S 1 zasa 232 a4l Gad|c S 1 ¢ d= (ag, ap, ..., ) OSSO )
Sl e a7 gnal 3l 5831 5l G o3 d=by + by + v Gyt %4 by, b b
Aazm s adl Al Sla iy = by, 0y = byt e, Xy = b1 O 038 s = al(blr)+a2(b2r)+ + Ay (b 1)
Kd|a; & s arhy + azby + -+ aymby, = c: auud\ saats L ¢ u;)w\ Wl Sis by, by, ..., by & st 1 Sal
cdlc O @l dlaghy + azby + -+ + amby, S8 S5 < ay, ay, ..., @y 322 a5 ol ady d (6 ¢ 1<Si<m
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(@1, @z, ooey Q) Sy Al ¢ Gl semny Adlaad) Ja 45 5l (udy Gl sene (o SL Aiad 4358 g0 Aalae U gl (S 1) )l 535 Adaa ke
oble 35 ellds ¢ (a,b) s (b el Aa ) ) 530 Lapend i 4a )53 (s

DA o hadll w2 (ALY ( Ake ) Al Alagee e Jin Y 138 g) T il Lases cods < A s ay, ay, ., @y D) O G
(aas) Jliss dalall o3gy ae (ga ST aa g 38) Al Gl s @, g, e, Gy A2V G e in 50 230 jraal 315 (1)

Dele deanii (ay Wy ay,az, ., Ay ; 4 < a; Vi = 2,3, ..m el AU dadll 450 ) 54 a0dis (2)

tid
a,az, ..,y ——— Ay = Q14> + rz(l) ; 0< rz(l) < a,
(€Y}

az =a;qs +r;° ; 0< r3(1) <aq

U = a1 +7” 5 070 <@y
CHRIL (2) 5(1) esbshall 58 ay = P O b8 G (ay, 4y, .., a) = (a1, 7", oty = D, 20, D) G ey
it 15 5l 8 2e ) sl o sl a5 5ha (€ 8 aheY) G Alaadle we clld b iy o P D) (D aae S 2,
et G & Aaadhe e (70, 50D, D) = (589,0,.,0) =109 1 & QU il Ui 3 Um0 3 L
(ag, Az e, Q) = rl(k) c O e 1Al Jeans @lld ey ¢ 1 jacal ri(k‘l)
Db LS b mla g € (ay, Ay, e, Q) A 100 # 0 5 gl 13
aq LA‘; a,sasz e US Aol ‘;b EL a_Zra_3 &P} (al, a,, a3) = ((al, az), (13) = (al' as, a_z) = ((al; a_3)’a_2) — (ala_Z! a_3),
a < a; sy
(il e ZaL e )l all L i L)
. e 2 gl € Cun 5 119x+38y+957=c dihall A% gl Udaal) Ja 8 25 (119,38,95) ol & A8 d3a 5 ) Al aadindl ;e
¢SS A 38 g alaeY) eda yial G Y3 JaaSl ¢ (119,38,95) wlual

119,38,95 N 119 = 3(38) + 5&95 = 2(38) + 19 == (119,38,95) = (5,38,19)
5,38,19 i>38 =7(0(5)+3&19=3(5)+4 ——(5,38,19) = (5,3,4)
5,3,4- i)s = 1(3) +2&4 = 1(3) + 1] — (5,3’4) = (2}3}1): 1|C Yc € z

531——3=31)+0&2=2(1)+0
Pl 138 A0S (o Juan U Sldamal) 45058 al) Aladll il ¢ € 330 sl pnis 525 (119,38,95)=(1,0,0)=1 &f V3 a5 L
1=4-3=19-3(5)—[38 — 7(5)]: S ¢ &, Aabaall U 5 ¢ Aandl S g ey () Alacdl) o (an151) L 5) LSV &l il
=19 + 4(5) — 38 = 95 — 2(38) + 4[119 — 3(38)] — 38 = (95) — 15(38) + 4(119) = 1
A g dall Alaladll 2e &5 341l ¢ = ¢(95) — 15¢(38) + 4c(119) Blsbuddl e Jiani ¢ puslall aaally Adladll 8 )k 1
.x=4c ,y=—-15¢c ,z=c¢ 0 Jde Jaxi 119x + 38y + 95z = ¢
119x + 38y +95z =1 el x =4,y = =15,z = 1 Jall Jle Janic e c=1 dal e
Aiaal) A3 ) caladd) a4 1l 445k
Al Angalall 2eY1 e s 7 e o o Rl el G i e ¢ STl 0 sy (ot 458 0 Al U (8 g1 e acind
Al ¢ daladll odgd Ja 0 a5 dlaal (@, az) | Suns agxg + apxy = ¢ O sy Ahad 43508 53 Alalas e 48y Hlall 038 & o 65 Cosuss
f Gl U ey
(Cnlsenes Ailad 4308 g Adladd Jsla dla) 2 11 A8k 53 U
—15x; + 21x, = 66 Aadll Jsla gaen 20
DSY) & il adlall e 3l sl 8ok V5T ks Jslall o3a man dad¥ ¢ (sl allis) ¢ U iy i) Alabaall 3 ¢ (-15,21)=3]66 & ey
A & gladll i & — 5y + 7, = 22 ¢ 4SS Asladdl e Joanid ¢ 3
C1-51<] 7] EY xR e b ¢ gAY el jraal dalladll Aadll alabas 52 J seaall i (1)
DAl e Jeasid a1 Ciohall ) o gaal 438 Jiiig ¢ et Gkl 8 (1) sshall b jad) Jseaall 4 3 S G (2)
.=5x, =22 —-7x,
05 ol e 2y — 2 kel ) sl g = 0y + 20y — 4 — = 1 Aaladl e Jumni 5y Jalae e 5881 Al (ke o1 (3)
_[J;‘UJMQ)S,;‘;STA,;M’\M:
2x; — 5ty = 20 IS 38L(5 ¢kl @ ) Wsleall oda wlai @i ) = %xz —%:ﬁ o= (4)
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. Ol sean s A3kad AT g0 Alalea (o
D sle daanid (4) sshall 8 lgle Ulas ) 3358 sal) Aalaal) e (3) 5(2) 5(1) Dl shaddl 33as (5)
.2x2=5t1+2:>x2=2t1+%t1+1
6 b zranal Lixial Jalaa sl GY «ln g g, = 2t, mj%Q:tz s o dllig (5) 55hall L dlsaall e (4) 55hall ik (6)
M(g)s,ﬁ:ﬁ\ﬁamwsz:2tl+%t1+1:5t2+1;&M(s)sjksl\mm‘;uajg‘tl&mﬁj(-lj)l
s Adleall 2Ll Jall UL s Tase oS ol gsmdbsyd gl ade Gal t, Camgxy =5t +1 =4+ 2t, = 7ty — 3 : e pasedl
x1:7t2—3 ,x2=5t2+1 VtzEZ:
Jall 3dia (e X0 g Gl Aall 48, Hhally @lld g aladl Jaldl slag) & Gala U alagls @l e (34l JUall 8 535 5l Alaleall 2ladl Jadl cansa) 10y 5
) Ay Hhay sliaa 5 (3
(Clsena o ASL Aidas 4308 50 Adlae U1 1l 48y k) 1l
C7x + 3y — 20z = 23 : Aasbaall Jolall aran 22
A ) gladl) i ealagy U Alalaall L (7,3,-20)=1]23 & Y31 daadl s
.3y =23 — 7x + 20z A L) Aalaall (iS5 SlIN ¢ 3 a dillaal) Zally 5 llad) aal ¢ (1)
y:7+§_2x_§x+6z+gz;@@\:«;ﬁ@\&@\@;m‘3&@#\@(2)
7-2x+6 +2 L +2
=7-2x+6z+5—sx+5z
3 3 3
Jaalaall aal 5Y ¢ 55haall o xie g x = 2 — 3¢, + 22 ;g__as;m,tl:§_§x+gz;¢sgi‘tl2mg)ussu;;1\¢@(3)
y=7—=2x+6z+t; = O 23 (2) sshall Alsbadl g e x =2 — 3t; + 22 ;widias e x ps¢ 1 4allaa
7—-22-3t; +22)+6z+1t; Eo y=z+7t +2z

x=2-3t14+2z ,y=z+Tt;+22z, z=1t, V t;,t, ;s sl Je deans JULs mmadre gl ¢, Cun 7 = ¢, i
Oall e Joan L il ¢ aal gl (g sbos Ll e aal Jalaac Alabae e Jgeandl ) Taila (5355 ¢ GBI Qi) 3 Akl ) ik () sidiadle
oSl (g 2l alall

(dn A diiogyy Wialwo) (W)l

(1050,34,102) , (1150,2344,228,96) , (238,1190,334) : bW —wal (1)
P A0V A58 ) Y alaall (e JS ol maen (0S4l o) a5l [2]
12x+10y=32 (1)
22x+5y=18 (2)
60x+18y=97 (3)
86x+10y=500 (4)
207x+246y=15 (5)
2x+5y=51 (6)
6x+255y=137 (7)
111x+69y=9000 (8)
; AY) 4558 sl ¥ alaall (e S Jola paen (086l o) 251 [3]
6x+24y-41z=91 (1)
15x+12y+30z=24 (2)
5x-2y-4z=10 (3)
DY) sl e el il g A ) g 5l Ale La jlaie Adlea) Ay 31553V 5 3151 5 aBY) 5 ADEY) 5 slalisall (e dile il (5 s [4]
96 5 S e ol i) La dacla chaal gl Bsl e JS Bolawe KI5 02 ¢ A3
&t o 870 Lete e IS5 aldile Gty o el 840 ) 5m 5l 1230 Leie JS 5 al 82 Cije ¢ Gl e (e i L A0S0 485 (5)
AN dsmge g IS e b g oS U 5el (e 87330 AREN I RSN 1S5 5 58 5 RN 3 ol e CilS I3 ¢ )
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(A5 2ae 3 3ald)

e A e (5585 e (pl 5 nae (o Al Tl i G n d (Ulsa) i 8 O ol oSl 130 ¢ Ty 80 i ¢ AN alae ) A5yl sy
Jiaddl 138 3 51 aae 28 aa g 4l KU (ay 40591 2aeY) Jsan ) 53520l ¢ n=1000 S 0 ¢ 200 4lsh Ylae Jisil ¢ maa sill  Jogn
.1og 1000 = 6.9 Ll (s Al dga (a5 . 6.8 4 (it il Cpase (p Alaall lalisia G

(Prime Counting Function (3¥) slaxill as) rcay s

Y o) i aanss ¢« x > p ANV Mae ) sae ey 3 alill (o) @ e Bdie ¢ Gange Glia e x > 0 S 1)
G 2238 2,3,5,7 (& 45l 5l 10 e e ATV e G Loy S ¢ (x) = |{p < x|Y5l 2= p} (Prime Counting Function)
.m(30) = 10 &f 223 2,3,5,7,11,13,17,19,23,29, o» 30 ) s 205391 slae Y1 & Ly « L . 7(10) = 4

.((

m(x) — o

);j 1) 20 G o (x) O 2 (4t e ATFY) slaeY) 220 ) Ay Gas -

n & S (10™) G i SV Jsaall

8 aladid 2y TS5 La e lamaa Tae x (1Y)

i ke | x> p ALY 2ae ) TS aaad ¢ r(x) (L)

(good estimate ) i cu i paay e & Gl J 58

DY) el Gl AT Al

e OlDmae x aial) Hiidly el i(x), g(x) OSH 1 o

f()~g(x) <S55 g(x) J < fi(x) & s . x>0 Jal

. lim @:1Q15\5j

X — 00
g(x)
Cu EE g(x) phadinl Jtaall (e s adla ¢ b 33a3 1)) -

X — C0

n m(10™) n m(10™)

1 4 10 455051511
2 25 11 4118054813
3 168 12 37607912018
4 1229 13 346065536839
5 9592 14 3204941750802
6 78498 15 29844570422669
7 664579 16 279238341033925
8 5761455 e

9 50847534 20 2220819602560918840

S x dal e fi(x) 4

s alae ) 4Gl 8 il el e sand s il (g Jals oad oY)
(Prime Number Thorem) A ye

' I 15 ~2
lim, - 19 ¢l m(x) ogx &

5 Gauss (e US U8 (50 1790 allad) 8 (1S Lea yha 25 ¢ 77(x) asl) (G ES) S (i /log x) aladinls W mans ) ¢ 5l aae 48 5 )
s Hadamard ¢ US U8 (e Jeaiin US55 1896 alall 3 238 ¢ € all Jilatll e adie) ¢ Ll JelS ooy J5l . Jeaiie (S35 Legender

. hdall Jilaill L ax3i Ul selberg and Erdos a3 1949 Alall a5 « De la vallee Poussin

Ledie iy 2.3 % o_laie oo Ul O iy 138 £(1020) = 1,023 « DM, by 1 ) fi(x) <& &) . f(x) = m(x) logx/x oS -

. 102%/10og 10%° = L& 77(1029)

dilx) = fle:% (so-called logarithmie integeral ) (i e sl JalSilly (o yay Loy 238 77 () 2 Juadl s
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(Congruences) <kl ; ail i Juadll

-dadia
Gl Gl el ) A8leaYl dlac 5 3aaa Qe o 5 ol pall Algus (3 ka5 3 Dilaglan o g5kt sa 5 candll LG Cina jaat 4 ST
O . Jlein¥) 3 ASaaliny ST alany Le 1385 ¢ 72 35 sbase ) Al sgasy Jsay g cdapmall dlae Y1 de gene o 38085 480 Jlay 43 Cuna o sgie
By 1855-1777 35l b ile A (Karl Friedrich Gauss)osste <lin b JUS g ymall allall dialia 1S5 cLilall 8 el idaill o seda
b eI A s Gl QLS 138 a5 ¢ piall sl 1) 5lats Y usle jee (IS5 (Disquisitiones Arithmeticae) 4GS 8 a sedall 134 a8
alae ) 4y ks ¢ o sall ASke by I sgediall J sl alia s 5 a1 ) A8l Gl g oL 5l 3 pugle Jaid) By | Cuaall Lea seia
Gl 4l Gl o sehe a3 iy i) Aadiall o2 2ay | "l 1 el ale ) 3 Cae 2l " bl ) A8l
(N e mna 23e daul 50 7, e Gilaill) Gyl
OIS (13 Laid 5) 13 @ = b(mod n) el G e 555 n Gl b 23all By g axedl o) Jsii (lagaaa cpaae bea s b se bagaa Tase 1 oS
.azb(modn) <y nd b Gl Y g o) Js8iwld nt (a —b) oS3 W n|(a — b)
S ) ki il S Cay i w5« a=b(modn) ©  nl(a—b) b WS L i Gl & ggda ) Adiadla
a=b(modn) © nlla—-b)o a—-b=kn ;k€Z @ a—b €EnZ @ a=b+kn;k€eZ
- Gl ) S L o gus ALl ol 8lSAL)
.ok n e aiad L Gl g anadls ¢ Z) ={0,1,2,......,n-1} de seaadl (e laal s Taae Gy g gusas ae JS o AR yae
cas=qn+r ; 0S7T<n dus q,r Oass Osesea glae dagca, n gl Jal e e dendl) dua ) A s tgla )
ca=r(modn) of 2 Gldaill ClElSa Caa g
G 0<7 <n 8 a=r(modn) dus Z, e JAl e dsa g lica 313 1 dlasll

nla—r Anla-r=nla-r)-(a-7r)=r"-r = n||r‘—r| = |r—=r]=0

=Sr=r;0<|r-r|<n
(85 48e o Gldail) Adle ) 1 AdA jre
© daad adld L ge lasnia e n S5 ¢ dapma lalael g, b, ¢ S 13
(anlSadl e @l o) gl) ¢ a = a(modn) -1
(bl d8de Gkl i 1) . a = b(modn) = b = a(modn) -2
(i 88 Al G 6)e a = b(modn) A b =c(modn) = a=c(modn) -3
A ADe & 7 Je n el Gl A8de o) -4
D
a=a(modn) S« nj(a—a) o gualdc n maase JCelae pall gl s a—a=0=0.n¢ -1
.a =b(modn) = nlla—b) = n|(b—a) = b=a(modn) u-2
a=b(modn)A b=cimodn) = n|lla—b) Anl(b—a)=nlla—b)+(b—-c) -3
= nl(a—c) = a=c(modn)
AL AU 2 g4l (e pual 5 -4
(el e dpluadl cilileall) Ada e

Giab4ld g = b(modn) sc=d(modn) Cusslaselama o n g€ cdamaleia, b, ¢, d wils

a+c=b+d@modn) -1
a—c=b-d(modn) -2
a.c = b.d(mod n) -3

eha S i Kauiyn b Mbscnl(c—d) B c=d@modn) Jlws< nf(a—b) K a=b(modn) J e bl
Do JUbs (@ —b) 5 (c—d) ol
at+c=b+d@modn) “«s nl(a+c)—(b+d) O sl e sanaauiin -1
a—c=b—d@modn) “«s nl(a—c) — (b —d) O s ke G Al amiin -2
.ca = bd(modn) s n|(ca—bd) sl ca—bd sstudscla—b)+b(c—d) L sl uS ) aiin -3
:Qiﬁﬁm&M\&M\w@:\gM}éccEc(modn)CaSaac c-,.maw-\ndicﬁba-.u‘aEb(modn)QS,sS (1) Aol
a+c=b+ cimodn)-1
a—c=b-c(lmodn)-2
a.b=b. c(modn)-3
Lo Gl iy g = b(mod n) Gl sk ) ¢ gesas 230 @l i sl 2k ALl o) Ll gay 530 5 il (el
(55 A el e 3 51 il aress) (2) Al
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Giahalhcq; = hi(modn) V1<ism :dusmlaslamaiue n gSscasmalolelay, by, ay, by, ..., G, by 348 13
moa; =YY" bi(modn) « r=ida&aglc ay+ay+ ..+ am= by +by+ ...+ by (modn) -1

07, a; =17, b (mod n) ¢« s=ide Sl ay.ay..... @y = by. by ... by (Mod n) -2

(st 51 3 )l

Gaoilsm =k dal oo 1 @il daa Y1 il ¢ il e dglaall llleall 438 jie s ¢ dagna bl i om = 2 dal e -1
<l glag +a; + oo +ay = by + byt ... + b(modn) Wwale) gVl dsn d e m =k + 1 dal (e dina e
bl Clileall 238 50 s ¢ @pyq = bpyq (Mod 1) sl ¢ 2 el i 33y ol o dll ey ¢ T g, = 3K by (mod n)lu
Yktla, =3k b (modn) & QAL YK L a; + ager =25, by + bryr(mod n) ik e

Sle oaoals e m o=k dal e 2 Gilaill dsia (il ¢ il e dpluall cllenll 48 i s dagmia sl (e M= 2 ol e -2
Lol ¢ & paall (i 83 ) o il ey [T @ =TI, by (mod n) Wl o) i) dam b e ¢ mo= k + 1 dal (0 dina

O Julbs ¢ 1K, a;.apyq = T15, by brpr(mod n) 25 Claldad) e dbual) Clilaal) 24 jae i s ¢ @y q = byyq (Mmod n)
csthadl ayy [T g, = [T b; (mod n)

.1 <mda™=bM(modn) N« a=b(modn) S (3) 4l

A1<i<m & bj=bsa;=a “aldd Ul 22l 2 dasill go S 2l e 3 il ity 1 ol )

OSal) S Jelits () gahall (s ¢ a2 SV g, ¢ = b.c(mod n) & a = b(mod n) JS 13 4l Las s ¢ 1 dagll i diadla
YV il dain gy () ¢ il 0sSs lsall 5 € lams

e pe ) Sle g ¢ 2 e dadl) Jiby i) Sk A ¢ 7.2 = 4.2(mod 6)  JSEL S A 14 = 8(mod 6) o) 1 JYa
.7 Z 4(mod 6) O¥ ¢ 6 8 Jalaiy ¥ 2 aaall e Legiand il o iy

(v 220 o i )l daud o) ja) o i) - Add e

a.c = b.c(modn) & a = b(mod (:—n)) riaky 8 ¢ L g lagmialaze n g cdapmalolaei g, b, 0 S 13
dgmisac—be=(=k)n sesa—b =k S k gaame 22 325438 < 0 = b(mod L) S () sl

(en) (e,n)
a.c = b.c(modn)
(c,n) e pobll dasds (a—b)c=knawsc ac—bc=kn Cemk maade ngadcg.c = b.c(modn) SN (=)

MJ*MM@MMIA(L C)=1 oiw,‘(cn_nﬂ(a_b)__oiuﬁmy(a_b) ¢ k—— bl e Jiass

c
cn) ’ (en) (cn) (ecn) (e

— n - n "
.a = b(mod m) Sulbs ¢ ml(a—b) Csl8)

ac=b c(modn) & a=b(modn) :@siadéc(c,n) =1%ol AL G A

D Ml pae b Wl oS p e el Y ¢ mmaa ae o i Wl e p = p S 138

ac=b c(modp) © a=b(modp) Gb plededl J&Y ¢ mana e gy p Jsf e Sdal e -
(il (S i) ; Adh s
[a=b(modn) A m|n = a = b(modm)] s», &y, a=b(modm) ém|n JSsa = b(modn) JS1
O G135 m(a—b) ¢ desdll il dals cua miali min ol s nf(a—b) da = b(modn) O Wzl
) .a = b(modm)
fa=b(modn) Jdmln S5 a=b(modm) IS &l ¢ lasnia (Sl S 1Y e Jelasts ¢ orall (e 1 Jlia s ABadla
.5 % —3(mod 6) O ¥ ¢ 2 2l Caelins 6 23ll5 ¢ 5 = —3(mod 2) of ¢« <l Jhas &l L 2aY)
¢ a=b(modm;.my) &« a=hb(modm,) JSs<a=b(modmy) IS : Jias daadla
G 2S5 A0 e a0 Cige diiall 3 17 # 5(mod 24) (S5 17 = 5(mod 4) 5 17 = 5(mod 6) @ J4) Jid) b Gl sl
DAY ueadl) J) plss elld 38 (S5« 17 = 5(mod [6,4])

O8I 4T 6l ¢ mmia GSalls ¢ 2 < M naa e K [ag, ay, e e samllec 4 ¢ agle, azlc .., aplc IS ;A

1 <i<m & aqlcdéag,ay, .. ... ,amllc

sail ¢ m o= 2 dal e s ) Ul ¢ [ag, a5]lc © aqle A ayle S S ARl A e A Laa s m = 2 dal ez gl
Gt ald a4 |, aslc, . . .. L Qaplc OS¢ m =k + 1 dal oo ina e cppils ¢ 2 <m =k dal e dpaill A

Giak Juus [ayg, ag, o oo e ko, [, Qppq]]le Giniadd ¢ o) jBuY) dam § s ¢ aq]c, aglc, o . g1l [ak, arsq1]llc

) [al,az, ......... , Ap—1, [ak,ak+1]] = [as,az, o .. s Qg1 Qg Qg ] 2 o a4 [y, @y, e oo . , g1, g, A41]lC
1<i<m KN gjlc 8 1<i<mE ggl[ay,ay, ... .. A ] W5 ¢ [aqg, ag, o . ... s Al IS A ¢ mania Sl o

- stlaall Giads @lliy g ¢ el AMal (ganil) Aald o Gl

ik 4ld ¢ dus e dama el g 7y, e My S5 ¢ Cpaaaia uaxe @, b OIS 1Y) (1) Ab e

. a = b(mod [nq,ny, .. ... .. ) © a=b(modny) 1<i<k

s A gy JaaD 1yl )
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a = b(mod [ny,ny, ... ... ... M ])
1(2) 4a e
.(ab,c) =1 ¥ (a,c) = (b,c) =1 sy -1
s iat alld ¢ e e L A el g a, o Oy S 13)-2
ag, ag, e ,Am] = 1.0 e v Oy Y M= 2

i (bo) =13 e dliS 1 = ax; + cy; Susixg, Yy dassea glae samadic (a,0) = 19 Lo (Gl Ab)-1 2 s )
DO il (i dbadd) pms « 1 = ax, + Cyp Suss Xy, Y, Olaisaa (i
1 = (ax; + cy)(ax; + cy;) = (ab)x;x; + c(ax,y, + byix; + cy1Y,)
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.aP~! = 1(mod p)
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e de n Cua ¢ Guase G e L b S (51 4l aae) G s
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(S S dlaei ) iy s
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2 (yadfie e 230 dsay o Ll 23385 1910 aled) JSHle IS Allall U8 (e 48LESH 235 A 5 ¢ (561) 222l W jraal 583 g g0 JSHe IS lae]
L Aala (g slale 36 U8 (e saadall LY ) 81992 Aladl b slac)

.x? = 1(mod p) © x = +1(mod p) : Gisi 4é 2 e LS W5 Mase p o1 1 (slae)cp pai

il (&) G

x=1modp) J el eplx+1 I Plx—1 MR IFPHlsep|x®? —1=(x—1)(x+ 1) 3« x? = 1(mod p) & (=)
.x = +1(mod p) &4 « —1 % 1(mod p) i s« x = —1(mod p)

(Wilson's theorem (s 5) 4da jua

. (p— 1! = —1(mod p) : Gia 438 W51 faae p <13

UK (a,p) =100 e ¢« 2<p & oY) il | Alall oda b coglhaall Gintns ¢ (p— 1)1 = 1 = —1(mod 2) & ¢ p=20S 13 ;s il

DG G A el Gl oyl s Al g ale¥ 1< h<p—1cumpoubiaanllp oyn phingadicl<a<p-1
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DO e deans il ¢ p el 1 e Leie 55 US i el (0580 Gy ¢ 2, p-2 o eV e
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(p=D!'=-1(modp) Hul¢ 1x2x3x...xP-3)p—-2)p-1)=1x(p—1)=—-1(modp)

(cdis 4in e (o) 400 s
Ll e n e (n— 1)1 = —1(mod n) uss « Lase s fase n S 13
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=1X2X.....X
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&l laadi ¢ p=11 daf e . p = 1(mod 4) & (G5l 2= p i) Sa x2 = —1(mod p) GUaill ¢S Al ales ;Jall

Sla G siall @il g 1 ¢« 11 2 1(mod 4)
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(e8] Ae ) A (pe Ad g paall 4z bl Guaill) xp = 2 Leaaal | 18 (ol Ofidaie ye Gida il o g S5 (14,18)=2]10 &f Ladls
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. 27x = 3(mod 15) Gkill 15 (i dallaiall ye Jslall maen (oSl 0f) 2a 5l (3) Jlie
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daal) calaUatll dalal

x = 2(mod 4)
(1){XE4(mod5)} aydail) - )SQSMXCJLAJASAA}JUE\J\‘_E)_J_(__)_

o G Gl b el o x = 244k k €7 ... (2) A4S ki« x = 2 (mod 4) o 23 Y Gl (e A
2 + 4k = 4(mod 5)
—-5k=0
S 4k =2(mod5) &= -k =2(mod5) = k=-2=3(mod5) = k=3+5m;meZ..(3)
56 lae i) Biaix=14 Gl Ladise x = 2443+ 5m) = 14 + 20m & x = 14(mod 20) : & 23 (2) & (3) s
. x = 14(mod 20) © x = 2(mod 4)A x = 4(mod 5) : HSI Lual a5l 6l | uSally
Ala by alail) 13 Ua ¢ dsmspe 5l ¢ asm sl Aanall 4 peall (¥ alaall dakail 8 Jiall 58 LS) clUail) dadail 4 jo (8 (555 pall (1
S ) g s ge s (Jstall) Jall 13 laad (3ie ) f) A sha a2 sl
mril_)) JE g AV s a;x = ¢ (mod my) IS (e Laaaal Galdas o 531S5) -Apuga

it

(x= xi(mod(

a,x = ¢;(mod my)
azx = cz(mod my) (1) ol Al il o Lol oS4

apx = cxp(mod my,)
D GRay M | 1Sk U8V apx = ¢ (mod my) Gl S x; oS ¢ 1<isk U8 d; = (ag,myp) oS
X=X ( (aq, ml))\l

2)% = x2 mod

il Ya x5 (1) plaill Sa x

(azm)

|
(ak mk)))

1l

&
&
A

X

) U S

, = Ja SR Gl )
it L) Bl oy ¢ X1 2(mod 4)3> J3¥) sl ) ( ){6x = 4(mod 8)

x, = 4(mod 5)Ja LU Gl ) 3x = 2(mod 5) "

x = 2(mod 4)
x = 4(mod 5)

6x = 4(mod 8)

3x = 2(mod 5) ¢ x

J@ s x e

Dl e Gl ¢ (1) Al Ma oS5 alé ¢ (2) Al Sla x = 14(mod 20) O Las 5 Wil L
(1)e et bl u‘uw’“ {6(14 + 20k) = 84 + 120k = 4(mod 8)
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1 o sb X Ol L ) Ailaal) Aakail) e Lilalaia) 38 5 Lileay Ziiull Aiaeaill 238 o35S ) Aiadle
 Aadai) e s 3 n ) LS T, W 65 20050 A yudl

(the Chinese remainder theorem 4iiall J3Ll1) ;458 j1e

x = ¢;(mod my)
x = c,(mod my)

(1) el an g adls ¢ e e Gawsd 3030 iy, my, e,y ey S0

x = ¢ (mod my,)
Ay M, = mﬂr Suns ¢ Xg = i Myyy + o May, + o My 3l Ghas « M= myamy Loy ) G xg 2s s O
My ok M, 22l s il
e (m,,mg) =1 Ol M, = mi =My My e My Mgy My 57 = 1,2, 0k O s slaill Ja sl ol )

S axi ((ag, b) = (ag,b) == (ap,h) =12 (a.ay ....ap, b) = 1)oai e AaieW i cr £ 5

Ir S m, obd = ek M, aaall A.;\IJLU ¢ (mrl Mr) =1 CJ\ ‘-5\ (mrv mpym; ---mr—l-mr+1--mk) =1

Gl 25 138 5 . g sl Al Sa ) = ¢ My 4 Moy, + o 4 oMyl sle o) cp sl ¢ (M, y, = 1(mod my) O &)
casr # 5 U Mg = 0(modm,) (B8« r # s e my |M; O W ¢« 1<r<k 38 x = ¢,.(modm,.)

Xo = ¢ Myy1 + ¢ May, + - + oMy yi = ¢ My y,(modm,.)

(1) Al S g, xq & g ¢ Alaa ol eyl L g = ¢ (modm,) V1 <7 < k & asiaies« My, = 1(modm,) Ol Las s 38
sk 1Sk O xp = x = ¢ (modm,) G ax Jad) Gy i (e (M = My .oy, b8 Qliiaie Lagdl e o 5l )

el M =mymy. . my, = [mymap. my ]| (g — x7) 2 ¢ Al dag aladiulys cmy [(xg —x) V 1S 1<k

. Xo = X, (modM).

L35 le aldlis 2 g e ald i1 83 e ald 1) Cuny x im0 il aa gl 1l

(1) ... x = 1(mod 3)
(2) ....x = 2(mod 4) G~ ) ez x @ sthall 222l )

(3) ...x = 3(mod 5)
saall Gl g 2y Oa Gl pUaill o g Aiaeal) L i jae s ML 5 (3,4)=(3,5)=(4,5)=1 &Y (e e L 33131 3,4,5 dlac) &)
(r=1,2,3) Suasxg = Myy1 + o Myy, + c3Mzys @ blsbeadl oy Jall a5 ¢ M = my.my.m3 =3 X4 X5 =60
el baMis1<r<k=3 ¢ y.M, = 1(modm,) Rl ls 2y Hglom, o8 M, 4 ool sl 4y dunsc M, =mﬁr

M 60
M1=—=?=20=>20y151(mod3)=>y152(mod3):>y1=2

my
60
MZ=m—2=7=15=>15y2El(mod4)=>y253(mod4):>y2=3
60
M3=m—3=?=12=>12y3El(mod5)=>y353(mod5)=>y3=3

e Oall Jdull

Xg = c1Myy; + c;Myy, + csMzys = 1(20)(2) + 2(15)(3) +3(12)(3)
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2143 2447 2749 3067 3389 3691 4003 4297
2153 2459 2753 3079 3391 3697 4007 4327
2161 2467 2767 3083 3391 3701 4013 4337
2179 2473 27717 3089 3407 3709 4021 4339
2203 2477 2789 3109 3413 3719 4027 4349
2207 253 2791 3119 3433 3727 4049 4357
2213 2521 2797 3121 3449 3733 4051 4363
2221 2531 2801 3137 3457 3739 4057 4373
2237 2539 2803 3163 3461 3761 4073 4391
2239 2543 2819 3167 3463 3767 4079 4409
2243 2549 2833 3169 3467 3769 4091 4421
2251 2551 2837 3181 3469 3779 4093 4423
2267 2557 2843 3187 3491 3793 4093 4441
2269 2579 2851 3191 3499 3797 4099 4447
2273 2591 2857 3203 3511 3803 4111 4451
2281 2593 2861 3209 3517 3821 4127 4457
2287 2609 2879 3217 3527 3823 4129 4463
2293 2617 2887 3221 3533 3833 4133 4481
2297 2621 2897 3229 3539 3847 4139 4483
2309 2633 2903 3251 3541 3851 4153 4493
2311 2647 2909 3253 3547 3853 4157 4507
2333 2657 2917 3257 3557 3863 4159 4513
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4517
4519
4523
4547
4579
4561
4569
4583
4591
4597
4603
4621
4637
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4643
4649
4651
4657
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4679
4691
4703
4721
4723
4729
4733
4751
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4783
4787
4789
4793
4799
4801
4813
4817

4831
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4871
4877
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4903
4909
4919
4931
4933
4937
4943
4951
4957
4967
4969
4973
4987
4993
4999
5003
5009
5011
5021
5023
5039
5051
5059
5077
5081
5087
5099
5101
5107
5113
5119
5147
5153

5167
5171
5179
5189
5197
5209
5227
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5237
5261
5273
5279
5281
5297
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5309
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5333
5347
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5387
5393
5399
5407
5413
5417
5419
5431
5437
5441
5443
5449
5471
5477
5479
5483

5501
5503
5507
5519
5521
5527
5531
5557
5563
5569
5573
5581
5591
5623
5639
5641
5647
5651
5653
5657
5689
5669
5683
5689
5693
5701
5711
5717
5737
5741
5749
5749
5779
5783
5791
5801
5807
5813

5821
5827
5839
5834
5849
5851
5857
5861
5867
5869
5879
5881
5897
5903
5923
5927
5939
5953
5981
5987
6007
6011
6029
6037
6043
6047
6053
6067
6073
6079
6089
6091
6101
6113
6121
6131
6133
6143

6151
6163
6173
6197
6199
6203
6211
6217
6221
6229
6247
6257
6263
6269
6271
6277
6287
6299
6301
6311
6317
6323
6329
6337
6343
6353
6359
6361
6367
6373
6379
6389
6397
6421
6427
6449
6451
6469

6473
6481
6491
6521
6529
6547
6551
6553
6563
6569
6571
6577
6581
6599
6607
6619
6637
6653
6659
6661
6673
6679
6689
6691
6701
6703
6709
6719
6733
6737
6761
6763
6779
6781
6791
6793
9803
6827

6829
6833
6841
6857
6863
6869
6871
6883
6899
6907
6911
6917
6947
6949
6959
6961
6967
6971
6977
6983
6991
6997
7001
7013
7019
7027
7039
7043
7057
7069
7079
7103
7109
7121
7127
7129
7151
7159
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7177 7537 7867 8221 8581 8887 9227 9539 9883
7187 7554 7873 8231 8597 8893 9239 9547 9887
7193 7547 7877 8233 8599 8823 941 9551 9901
7207 7549 7879 8237 8609 8923 9257 9587 9907
7211 7559 7883 8243 8623 8929 9277 9601 9923
7213 7561 7901 8263 8627 8933 9281 9613 9929
7219 7573 7907 8269 8629 8941 9283 9619 9931
7229 7577 7919 8273 8641 8951 9293 9623 9941
7237 7583 7927 8287 8647 8963 9311 9629 9949
7243 7589 7933 8291 8663 8969 9319 9631 9967
7247 7591 7937 8293 8669 8971 9323 9643 9973
7253 7603 7949 8297 8677 8999 9337 9649
7283 7607 7951 8311 8681 9001 9341 9661
7292 7621 7963 8317 8689 9007 9343 9677
7307 7639 7993 8329 8693 9011 9349 - 9679
7309 7643 8009 8353 8699 9013 9371 9689
7321 7649 8011 8363 8707 9029 9377 9697
7331 7669 8017 8369 8713 9041 9391 9719
7333 7673 8053 8377 8719 9043 9397 9721
7349 7681 8059 8387 8731 9049 403 9733
7351 7687 8069 8389 8737 9059 9413 9739
7369 7691 8081 8419 8741 9067 9419 9743
7393 7699 8087 8423 8747 9091 9421 9749
7411 7703 8089 8429 8753 9103 9431 9767
7417 7717 8093 8431 8761 9109 9433 9769
7433 7723 8101 8443 8779 9127 9437 9781
7451 7727 8111 8447 8783 9133 9439 9787
7457 7741 8117 8461 8803 9137 9461 9791
7459 7753 8123 8467 8803 9151 9463 9803
7477 7157 8147 9501 8819 9157 9467 9811
7481 7759 8161 9513 8821 9161 9473 9817
7487 7789 8167 8521 8831 9173 9479 9829
7489 7793 8171 8527 8837 9181 9491 9833
7499 7817 8179 8537 8839 9187 9491 9839
7507 7823 . 8191 8539 8849 © 9199 9497 9851
7517 7829 8209 8543 8861 9203 9511 9857
7523 7841 8219 8563 8863 9209 9521 9859
7529 7853 8221 8573 8867 9221 9533 9871
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Integers

Natural Numbers
Induction

Transfinite Induction
Division Algorithm
Digits

Binary Representation
Ternary Representation
Octal Representation
Decimal Representation
Hexadecimal Representation

Twin Primes

The Fundamental Theorem
of Arithmetic

Residue systems

Residue classes modulo n
Arithmetic Functions
Bernoulli Numbers
Special Numbers

Fermat Numbers
Mersenne i\umbers
Amicable Numbers
Numbers of Equal Weight

Diophantine Equations
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Linear Diophantine
Equations

Infinite Descent
Regular Primes
Gaussian Integers

Continued Fractions

Finite Simple Continued

Factions

Infinite Simple Continued

Fractions
Periodic Continued
Fraction

Quadratic Residue

Quadratic Non-residue

Associative
Divides
Conjecture

Congruence

Goldbach's Conjecture

Lagrange’s Conjecture

Gauss Crnjecture
Artin Conjecture
Serre Conjecture
Primitive Triple

Pythagorean Triple
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Primitive Root
Congruent Solutions
Incongruent Solutions
Ring

Field

Archimedean Property

Zeta Function
Euler Phi Function
Arithmetic Function

Multiplicative Function

Totally or Completely
multiplicative Function

Mangoldt Function
Mobius Function
Riemann Zeta Function
Eta Function

Elliptic Function

Order

Legendre Symbol
Jacobi Symbol
Group
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Abelian or Commutative group  Y1¢
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Partial order Relation
Antisymmetric Relation
Reflexive Relation
Transitive Relation
Symmetric Relation

Equivalence Relation

First or least or smallest
Element

Highest Common multiple
Prime Number
Composite Number
Number of Divisors
Perfect Number
Abundant Number
Deficient Number
Algebraic Number
Algebraic Integer
Quadratic Irrational
Crible d’ Elastosthene

Riemann Hypothesis
Equivalence Classes
Absolute value

Well-ordering principle
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Principle of Mathematical
Induction

Divisibility

Greatest Common Divisor
Modulo

Mobics Inversion Formula
Quadratic Reciprocity Law
Gauss Reciprocity Law

Invertible or unit

Basic Concepts

Partially ordered set
Well ordered set
Fibonacci sequence
Lucas sequence

Prime Number Theorem
Least common Multiple

Inverse

Chinese Remainder Theorem

Euler and Fermat Theorem
Euler’s Theorem

Fermat’s Little Theorem
Ibn Alhythem’s Theorem
Sum of Divisors

Mordell Equation

Elliptic Curve

Fermat Last Theorem
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Integral Domain Yan daaua dihis
Norm YA Jra o Gabia
Unique Factorization Domain Yo' L g Julas ddlaie
Sam of two squares ™y O 4 4 gara
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